Available online www.worldscientificnews.com

World Scientific News

An International Scientific Journal

WSN 219 (2026) 123-152 EISSN 2392-2192

Role of Nuclear Scattering Phase Shifts in the Design and
Fabrication of Designer Superheavy Nuclei

J. K. Maritim', S. K. Rotich?, and K. M. Khanna3
jkmaritim728@gmai.com’, samkrotich@yahoo.com?

Department of Mathematics, Physics and Computing, Moi University'2, P.O. Box 3900-30100, Kenya. Department of
Physics, University of Eldoret?, P.O. Box 1125-3010, Kenya.

Correspondence Email: khannak700@gmail.com?
https://doi.org/10.65770/BVRM7690

ABSTRACT

Superheavy-element synthesis is controlled by a narrow competition among Coulomb-barrier penetration, capture,
quasifission, compound-nucleus formation, and survival against fission. This study develops a phase-shift-guided
framework for selecting and evaluating entrance channels for designer superheavy nuclei. The formalism combines a
complex Woods—Saxon optical interaction, finite-size Coulomb and spin—orbit terms, partial-wave S-matrix analysis,
coupled-channel barrier splitting, Hill-Wheeler transmission and evaporation-residue factorization. CERN Open Data from
ALICE and ATLAS Pb-Pb collisions are incorporated as an independent high-energy heavy-ion benchmark for data
provenance, event-scale comparison and reproducible analysis practice; they are not used as surrogate near-barrier phase-
shift measurements. A transparent *8Ca + 2*8Cm numerical case is used to demonstrate how the interaction potential
generates partial-wave phase accumulation, how collective couplings redistribute the fusion barrier, and how the transmitted
angular-momentum window changes with energy. The calculations show that phase information is most informative when
interpreted jointly with absorption, barrier distributions and compound-nucleus survival. The study further identifies the
measurements required to convert the framework into a predictive tool for Z = 119-120 searches: near-barrier elastic or
quasi-elastic angular distributions, deformation-constrained coupled-channel fits, and uncertainty propagation into capture
and evaporation-residue cross sections. The resulting approach provides a reproducible bridge between scattering
observables and reaction design while maintaining a strict separation between ultra-relativistic CERN Pb—Pb data and low-
energy superheavy-nucleus formation physics.
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1. INTRODUCTION AND LITERATURE REVIEW

The extension of the periodic table into the superheavy region is a problem in reaction dynamics as much
as in nuclear structure. Shell corrections may stabilize nuclei against prompt fission, yet the entrance channel
must first overcome the Coulomb barrier, avoid reseparation through quasifission, equilibrate into a compound
nucleus and survive de-excitation by neutron evaporation [1], [2]. The observed evaporation-residue cross section
is therefore the product of several small probabilities [3]. Experiments based on *®Ca projectiles and actinide
targets established elements through Z = 118and demonstrated that increasing neutron number leads toward
enhanced stability associated with the predicted N = 184 shell region [4].

In this work, the term designer superheavy nucleus denotes a nucleus whose intended proton number,
neutron number, excitation energy and angular-momentum population are approached by deliberate optimization
of the projectile, target, beam energy and entrance-channel couplings. The term does not imply deterministic
fabrication of a prescribed isotope. Rather, it emphasizes rational reaction design under severe probabilistic
constraints.

Scattering phase shifts provide a natural language for this optimization. In a partial-wave description, the
phase shift and inelasticity determine the S-matrix, while the loss of elastic flux controls the reaction probability
[5], [6]. Phase shifts are sensitive to the radial form, surface diffuseness, absorption and deformation couplings
of the nucleus—nucleus interaction [7]. They therefore link elastic scattering to barrier penetration, resonance-like
structure and reaction-channel competition.

CERN Open Data provide an additional, but distinct, contribution to this program. The ALICE and ATLAS
experiments have released Pb—Pb collision samples at TeV energies with event counts ranging from hundreds of
thousands to more than 2 X 108events [8], [9]. These data probe quark—gluon plasma and ultra-relativistic nuclear
dynamics, not the near-Coulomb-barrier fusion process used to create superheavy elements. Their value here is
methodological: they provide real heavy-ion collision records, documented event statistics, reproducible analysis
environments and examples of centrality-based event classification. The present paper explicitly preserves this
energy-scale separation.

1.1. Superheavy-Element Synthesis and Current Literature

The successful *8Ca-induced program at Dubna used targets from 238U through 2*°Cf and produced
isotopes of elements 112—118. Oganessian et al. reviewed production cross sections, decay chains and the
progressive stabilization of neutron-richer superheavy nuclei [10]. Contemporary reaction design must move
beyond a single optimum beam energy and account for capture, quasifission, shell effects, neutron separation
energies and fission barriers. Candidate reactions involving °°Ti and heavier projectiles are of particular interest
for Z = 119 because suitable targets beyond californium are limited [11].

1.2. Phase Shifts as Reaction-Design Observables

For a central interaction, the elastic scattering amplitude is determined by the complete set of partial-wave
S-matrix elements [12]. A rapidly changing phase shift signals strong interaction or resonant trapping, whereas
the magnitude of the S-matrix measures survival of elastic flux [13].
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In an absorptive heavy-ion optical model, the same interaction that modifies the elastic phase also controls
the probability that flux enters capture, transfer, deep-inelastic, or fusion-like channels [14]. Phase-shift analysis
is therefore most useful when combined with independent reaction observables and coupled-channel calculations
rather than interpreted as a stand-alone predictor of evaporation residues.

1.3. Coupled-Channel Dynamics and Research Gap

Collective rotational and vibrational degrees of freedom split a nominal Coulomb barrier into a
distribution of eigen-barriers. This effect enhances sub-barrier capture and is routinely described by coupled-
channel calculations. Woods—Saxon diffuseness and deformation couplings can strongly affect the predicted
excitation function, motivating simultaneous constraints from elastic scattering, inelastic channels, and fusion
data [15], [16].

2. THEORETICAL FRAMEWORK

Throughout this section, E denotes the center-of-mass energy, u the reduced mass, J the conserved total
angular momentum in coupled-channel calculations, [ the orbital angular momentum in a single-channel
reduction, @ and 8 channel quantum numbers, 1 the Sommerfeld parameter, o; the Coulomb phase, §; the nuclear
phase shift, and SV the Coulomb-reduced nuclear S-matrix. This notation prevents the Coulomb phase from being
conflated with the nuclear interaction phase.

2.1. Relative-Motion Schrodinger Equation
For projectile P and target T, the relative-motion wave function satisfies
h2
|- V2 + UG ), E) - E| w0 (6D = 0, (1)
where {&} represents the intrinsic degrees of freedom of the colliding nuclei [17].

The reduced mass is

mpmr

'u = mp+mr ’ (2)
and the asymptotic wave number is

k=222 ©

2.2. Complex Optical Potential
The entrance-channel interaction is represented by

U, E)=Vy(, E)+V:(r) + Vso(r,E) + iW(r,E). 4)
The real nuclear interaction is represented using a Woods—Saxon potential [18],

Vo
1+exp[(r—Ry)/ay]’ (5)

Vy(r) = —

Vy(r) is the real nuclear interaction potential between the projectile and target at center-to-center separation 7,
expressed in MeV.
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r is the radial separation between the centers of mass of the projectile and target nuclei, normally expressed in
femtometres (fm).

V, is the depth of the real Woods—Saxon potential, expressed in MeV. The negative sign in Eq. (5) indicates that
the nuclear contribution is attractive, where

Ry = 1y (47 + 4Y3). (6)

Ry is the effective radius of the real nuclear potential, in fm. It approximately specifies the radial position at which
the Woods—Saxon potential falls to one-half of its interior magnitude, since Vy (Ry) = —V,/2.

ay is the surface diffuseness parameter, in fm. It controls how rapidly the nuclear potential changes from its
interior value to approximately zero across the nuclear surface. A larger apcorresponds to a more diffuse
interaction surface.

1y 1s the reduced nuclear-radius parameter, in fm, used to construct the effective projectile—target interaction
radius.

Ap is the mass number of the projectile nucleus; for the representative *8Ca projectile, Ap = 48.

Ar is the mass number of the target nucleus; for the representative 2*8Cm target, Ay = 248.

A},/ 3 and AlT/ 3 describe the approximate nuclear-radius scaling with mass number, reflecting the nearly constant
bulk density of nuclei.

For the representative reaction

*8Ca + 2%8Cm, (6a)
Eq. (6) becomes

Ry = 1, (483 + 2481/3), (6b)
Using the baseline value 1, = 1.20 fm,

Ry ~ 1.20(48'/% + 248'/3) ~ 11.9 fm. (6¢)

Thus, Eqgs. (5) and (6) collectively specify the strength, radial extent, and surface geometry of the attractive
nuclear interaction, which directly influence the calculated scattering phase shifts, effective fusion barrier,
transmission coefficients, and ultimately the predicted capture probability for the superheavy-nucleus synthesis
reaction.

The imaginary volume term is

1+exp[(r—Rw)/aw]’ (7
A derivative surface contribution may additionally be included when experimental elastic-scattering data require

wy(r) =

enhanced peripheral absorption.
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2.3. Finite-Size Coulomb Interaction

For the effective uniformly charged spherical configuration, the Coulomb potential is written [19]

ZpZTeZ r?
(3 ) g,

ety =4 * > ¢ ®
PZT
— r = Re.

The Coulomb radius is parameterized as

RC = Tc(A}l;/:s + A:;-/3) (9)
2.4. Spin—Orbit Interaction
The Thomas-form spin—orbit interaction is represented by [20]

_ A \*1dfso()

Vso() = Aso (mnc) = LS, (10)

where
_ r—Rso -1

fso(r) = [1 + exp (—aso )] . (11)

The angular operator has eigenvalue
2

L-S=2[(+1)—10+1) —s(s + D], (12)
2.5. Partial-Wave Representation and Complex Phase Shifts
For a central interaction,

W) = z 40 p (cos ). (13)

1=0
The radial equation becomes
d? (+1) 2

|5+ k2 =22 -2y, B) |y () = o0 (14)
The Coulomb-reduced nuclear S-matrix is parameterized as [21]

SN(E) = n,(E)e? 8, 0 <y, < 1. (15)
The complete partial-wave S-matrix contains the Coulomb phase,

S|(E) = e? BN (), (16)
with

op=argl' (I + 1+ in). (17)
The Sommerfeld parameter is

_Zz pZre’u (18)

h2k
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The Coulomb-modified scattering amplitude is therefore

£8) = £o(0) +— X - (20 + 1) [SN (E) — 1]P,(cos 6). (19)
The elastic differential cross section follows as

dCFe] _ 2

<l =| £(6) I% (20)

The reaction probability for a given partial wave is

PR(E) = 1-ISN(E)" =1 - n(E). 1)
Accordingly,
or(E) =% 3~ (2L + D[1-I S} (E) 17]. 22)

2.6. Phase Accumulation and Wigner Time Delay

For a semiclassical impact parameter

1
b="2, (23)
k

The nuclear eikonal phase, usually denoted by yy(b), is the phase accumulated by the projectile wave
function as it passes through the nuclear interaction field of the target along an approximately straight-line
trajectory characterized by the impact parameter b. In the eikonal or high-energy semiclassical approximation, it
is written as

an®) = == "7 vy (Vb7 + 2%)dz. (24)
where Vy(r) is the nuclear interaction potential, v is the projectile—target relative velocity, bis the impact

parameter, zis the coordinate along the incident trajectory, r = Vb2 + z2 is the instantaneous projectile—target
separation, and his the reduced Planck constant. Physically, yy(b) measures how strongly the nuclear potential
changes the phase of the incident matter wave relative to free propagation. Small b trajectories penetrate more
deeply into the nuclear interaction region and generally acquire larger phase modifications, whereas large-b

trajectories experience progressively weaker nuclear effects. In the semiclassical correspondence between impact
1

4=
parameter and orbital angular momentum, b = TZ’ the eikonal phase can be related approximately to the nuclear
partial-wave phase shift by

1

8" =< xn (D). (25)

2
For your manuscript, it is important to state that the straight-line eikonal approximation is principally a

high-energy or weak-deflection approximation. Near the Coulomb barrier in superheavy-element synthesis,
strong Coulomb deflection and channel coupling can make the simple eikonal expression quantitatively
inadequate; the full Schrodinger/coupled-channel calculation should therefore remain the primary method for
obtaining the phase shifts.
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The energy derivative of the real phase shift gives the Wigner time delay [22],

(R)
T (E) = 2h =L (26)

For a multichannel problem, the more general Wigner—Smith matrix is

, ds(E)
Q(E) = —thT(E)?

Its eigenvalues characterize channel-dependent collision delay times [23].

27

2.7. Barrier Transmission and Capture Cross Section

Near the maximum of the effective interaction barrier, the potential for a given partial wave [may be
approximated locally by an inverted parabola. The centrifugal term raises the effective barrier above the s-wave
value according to [24], [25]

n21(1+1)
VB,l = VB + m. (28)
Within the Hill-Wheeler approximation, the transmission coefficient is
_ 2n[vpi~E\T
T;(E) = [1 + exp( ™ )] , (29)

where Aiw; denotes the curvature of the effective barrier.

The total capture cross section is therefore

Ocap(E) = 5 2 - (2L + D Ty(E). (30)
For a coupled-channel system, the single nominal barrier is replaced by a set of effective eigenbarriers. The
capture cross section may then be approximated by

ocap(E) = XiWi Ocap(E; Vg + 4, 31)
subject to ).; w; = 1. Here A;is the displacement of the i-th eigenbarrier relative to the nominal barrier and wyis
its weight.

2.8. Evaporation-Residue Formation

Capture does not guarantee successful superheavy-nucleus formation. After barrier penetration, the
dinuclear configuration may undergo quasifission or evolve into a statistically equilibrated compound nucleus
[26]. The evaporation-residue cross section is therefore written as

oen(E) = ) ocap (B.]) Pon(ELJ) Waue 5.1 (32)
The partial-wave capture contribution is
Oeap(E,)) = 75 (2] + 1) Ty(E). (33)
In this expression, Pcy is the probability that the captured system reaches a fully equilibrated compound-nucleus

configuration, while Wy, is the probability that the excited compound nucleus survives fission during de-
excitation.
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A local sensitivity matrix may be defined by

_ 90;

Jij = 2, (34)

where O; represents a calculated observable and 6; denotes a model parameter.

The survival probability for an xn-evaporation channel may be expressed as

(xn) o« _ ’ Fn(El*])
e (1) = l_Llrn(E:J)+rf(E:J)+zcrc(Ez‘J)' -

This equation makes clear why maximum capture does not necessarily imply maximum evaporation-residue
yield.

2.9. Compound-Nucleus Excitation Energy
The compound-nucleus excitation energy is

E*=E.m +0, (36)
where Qis the reaction Q-value under the adopted sign convention.

An optimum synthesis window generally lies above the capture threshold but sufficiently low that fission
competition remains suppressed.

2.10. Fusion-Barrier Distribution

The fusion-barrier distribution may be obtained from

Drus(E) = 2 [Eorus (E)). (37)

Here, Dg, s (E)is the fusion-barrier distribution, which characterizes the distribution of effective Coulomb—
nuclear barriers generated by couplings between the relative motion and intrinsic nuclear degrees of freedom; Eis
the projectile-target center-of-mass energy, normally expressed in MeV; and oy,s(E) is the total fusion cross
section at energy E, typically expressed in barns (b), millibarns (mb), or femtometres squared (fm?). The operator
d?/dE? denotes the second derivative with respect to center-of-mass energy. Consequently, Edg,s(E) is the
energy-weighted fusion cross section, and peaks in Dg,s(E) reveal effective barriers arising from nuclear
deformation, rotational or vibrational excitation, transfer coupling, and other channel-coupling effects.

For experimental or discretely calculated excitation functions, Eq. (37) may be evaluated numerically as

(EO')i —Z(EO')i+(E0')i_
Dgys(E;) = = (AE)? :

, where AE is the energy spacing.

In an eigenchannel approximation,

0tus(E) = XaWa tus(E; Ba), (38)
where B,and wgare the effective barrier energies and their weights.
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2.11. Coulomb-Wave Matching

The numerical logarithmic derivative at the matching radius 1, is [27]

Ly(1y,) = 2m) (39)

uy(rm)

Here, L;(1;,,)is the logarithmic derivative of the radial scattering wave function for the [-th partial wave evaluated

at the matching radius; u;(r)is the reduced radial wave function obtained by solving the radial Schrodinger
duy(r)|

dr lr:rm

equation; u;(r;,)is its first radial derivative, u;(;,) =

)

[ = 0,1,2, ...is the orbital angular-momentum quantum number; and 7;,is the asymptotic matching radius, chosen

sufficiently far outside the short-range nuclear interaction for the numerical solution to be matched reliably to the

known Coulomb scattering functions. Since u;/u; has dimensions of inverse length, [L;] = fm™1.

The logarithmic derivative is particularly useful numerically because the overall normalization of u;(r) cancels.
Thus, Eq. (39) provides the bridge between the numerically propagated interior wave function and the asymptotic
Coulomb solution from which the scattering phase shift and S-matrix are determined.

The complete Coulomb-modified scattering amplitude is [28]

£O) = fe(0) + 5= 37 (20 + De2 S} (E) — 1]P,(cos 6). (40)
The pure Coulomb amplitude is [29]

. . 56
f-(0) = —2k5+2(9/2)exp [2100 —inln (sm2 ;)] : (41)

The elastic differential cross section is

491 _ 2

70 =| f(0) |- (42)
The reaction cross section associated with the [-th partial wave is

oR = klz(zz + D[1-1 SV 2] (43)
The phase shift follows from Coulomb matching:

N _ sz'(n'kTm)—Lze(n,kTm)
BN O = L KT )Gl (T KTry) (44)

Here, 8} is the nuclear phase shift for partial wave [ after separating the known long-range Coulomb phase; [ is

J2UE
h )

the orbital angular-momentum quantum number; and kis the asymptotic projectile—target wave number, k =

where p is the projectile—target reduced mass, E is the center-of-mass energy, and # is the reduced Planck constant.

ZPZTEZM _ ZPZTEZ
n2k
atomic numbers, eis the elementary charge, and vis their asymptotic relative velocity.

The quantity 7 is the Sommerfeld parameter, n = , where Zp and Z are the projectile and target

F;(n, p) is the regular Coulomb wave function, whereas G;(7, p) is the irregular Coulomb wave function, with
the dimensionless radial variable p = kr. At the matching point, p,, = k7.
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The quantities F; and G| denote derivatives of the Coulomb functions with respect to their dimensionless radial

Accordingly, the factors of k in Eq. (44) convert these derivatives into derivatives with respect to the physical
radial coordinate 7.

Finally, L; = L;(r;,) is the logarithmic derivative defined in Eq. (39). Equation (44) therefore determines the
nuclear phase shift by matching the numerical Schrédinger solution to the analytically known Coulomb functions
outside the nuclear interaction region.

2.12. Deformed-Nucleus Interaction

For a deformed target nucleus [30],
R (0) = R0[1 + Z)L=2,4,... B Yao (9)] (45)
The leading coupling interaction is

dvy(r)

Vcoup(r; 6) =~ —R, dr

2182 Y20 (6). (46)

2.13. Coupled-Channel Matrix Elements

The coupling matrix is
Vap(r) = (¢alVy (r, {ED) + Ve (r, {ED1¢p)- (47)
The coupled radial equations are

[_h_zd_z h2lg(lg+1)

e e + €, — E] u,(r) + ZB Vap (Mug(r) = 0. (48)

2.14. Complex Phase Shifts and Absorption
The phase shift is generally complex [31],

8, = SF +is]. (49)
The nuclear S-matrix becomes

SI'(E) = expl2i6{(E) — 26{(E)]. (50)
Its modulus is

| S 1= exp[—45/(E)]. (51
The reaction probability is

PR(E) = 1-1 SN (E) 12, (52)
and the total reaction cross section is

or(E) = X (2L + DPF(E). (53)
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2.15. Fusion-Barrier Curvature

Near the barrier maximum,

1 2
Vet (1) = Vg — Eya)lz(r —Rg,)". (54)
The corresponding Hill-Wheeler transmission coefficient is [32]

T,(E) = [1 + exp (M)] . (55)

hwl
The fusion-barrier distribution is again [33]

Drus(E) = o [Eorus (E)]. (56)

2.16. Link to Designer Superheavy Nuclei
The complete reaction-design sequence is
Entrance interaction = §; > T; = 0cap = Pon = Wayr — Ogg. (57)
Although Eq. (57) is a reaction-chain relation rather than an algebraic equation, each quantity has a precise
physical meaning.

The entrance interaction is the complete projectile—target interaction governing the initial collision. In the optical-
model description it contains the nuclear, Coulomb, absorptive, centrifugal, spin—orbit, and where applicable
coupled-channel contributions.

S, is the partial-wave scattering-matrix element. For the Coulomb-reduced nuclear interaction, SN(E) =
n(E )eZiS{V(E), where 7, is the inelasticity and &' is the nuclear phase shift. T} is the partial-wave transmission or
absorption probability, T;(E) = 1—| SN (E) |2.

It measures the fraction of incident flux removed from the elastic channel. In a fusion calculation with appropriate
boundary conditions, it represents the probability that the [-th partial wave penetrates the entrance-channel barrier.

Ocap i the capture cross section, ¢, (E) = % > ,(2L + DT, (E), representing formation of a trapped or touching
projectile—target configuration after barrier penetration.
Pcy 1s the compound-nucleus formation probability, 0 < Pcy < 1, which gives the probability that a captured

dinuclear system proceeds to a fully equilibrated compound nucleus instead of reseparating through quasifission
or related competing processes.

Wsyur 1s the survival probability of the excited compound nucleus against fission during its de-excitation cascade.
It depends on excitation energy E™, angular momentum J, neutron-separation energies, fission barriers, level
densities, shell corrections, and the competing neutron-emission and fission widths.
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Finally, ok is the evaporation-residue production cross section, representing the experimentally relevant cross
section for producing a surviving superheavy nucleus. The complete relation is

OoR(E) = ) Gcapt (E)Pon (E, DWour(E", . (59)

Thus, Eq. (57) summarizes the central physical logic of the paper: the entrance-channel interaction determines
the scattering S-matrix and phase shifts; these determine barrier transmission and capture; capture competes with
quasifission to form the compound nucleus; and the compound nucleus must subsequently survive fission to
produce an observable superheavy evaporation residue.

3. METHODOLOGY

The CERN Open Data component and the near-barrier nuclear-reaction calculation are treated
independently. The CERN records provide ultra-relativistic Pb—Pb heavy-ion benchmarks, whereas the optical-
model phase shifts are calculated from low-energy nuclear potentials [34], [35].

A representative ALICE charged-particle multiplicity benchmark is

ANch
dn
The low-energy radial Schrodinger equation is

= 1943 + 54, (59)

d? (+1) 2

L [k2 - (U, E) + Vc(r))] w,(r) = 0. (60)
The asymptotic wave number is

k= L2E (61)
The total complex interaction is

U E)=Ve(r) + Vy(rE) + iWy(rE) + Vgo(r) L - S. (62)
The radial grid is

T, = Tmin + h, n=0,1, ..., N. (63)
Defining

1(+1) 2

Q) =k? - R -2y, (64)
gives

w'(r) + Q(Mw(r) = 0. (65)

The Numerov update is

2 2
2(1_5’11%)1171_(14_’”2—”—1)”71_1

_ 12
Upt1 = 1+h2(1?;1+1 (66)
The origin behavior is
w(r) <« rt*l r 0. (67)
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Numerical initialization may be taken as

u(ry) = 7‘1l+1' u(ry) = Tzl+1- (68)

The Coulomb asymptotic form is

w(r) - L [HO G, k) = SVH @, k), (69)
with
H® =G, + iF,. (70)
The Sommerfeld parameter is
_ ZpZTezll
T rk (71)

The logarithmic derivative is

Ly (1) = 20m) (72)

u(rm) ’

The matching equation is

__ F{ cos 8;+G] sin §

L™ Ficos8,+G siné; (73)
Therefore,
_ LiF-F
tan§; = 06" (74)
Hence,
— —1 [LiFi-F
5, = tan [G{_Llcl] . (75)
The complex phase shift is
5 =68 +is. (76)
The nuclear S-matrix is
Y
SN(E) = nl(E)ezlalR)(E) = exp[2i6l(R) - 261(1)]. (77)
The inelasticity is
m(E) =1 S (E) 1= exp|-25"(E)]. (78)
The reaction probability is
P,(E) = 1—-| SN(E) I12. (79)
The total reaction cross section is
lmax
op(E) == X 2 (2L + D[1-1 S (E) I]. (30)
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The capture cross section is

acap(E) = % 21(21 + 1)Tl(E);

with
T,(E) = 1-1 S)'(E) 1.
Finally,

ogr(E) = 5 2,,(2L + DT(E)Pen(E, DWeur (E7, D).

For an isolated resonance,

SR (ER) = (n + %) T
The corresponding approximate resonance width is
2z
ask
dE

' =

ER
The Wigner—Smith time-delay matrix is

Q(E) = —ihst 2 @,

For a single elastic elgenchannel,

7,(E) = 2hd5l .

The coupled- channel radial equations are

[_h_zd_z 4 Plallat1) hzla(la+1) E] ul (r) + Z (r)ué(r) = 0.

20 dr? 2ur?

The channel scattering matrix is

Spe(E).
Convergence is tested through

|61(h) _ Sl(h/2)| < &g,
and

R
The synthesis observable is

(lmax+Al) (lmax)
o — Op | < &g.

e (E) = ) 0cap (BLJ)Pon (B, ) Wor (5", )

The generalized least-squares objective function is

x*(0) =y — fOI" 'y — f(O)].
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The Bayesian posterior is

_ L(DIO)p()
The likelihood is

L « exp [— ! Xz(e)] . (95)
The single-channel Numerov equation is

Zui(l—ShlzzQi)—ui_l(1+h2$2i—1)
Uiy = o . 96)
14—
The reduced mass is
mpm

p = e 97)
The wave number is

k(E) = —sz . (98)
The interaction radius is

R; = ri(A}° + A7). (99)
The complete optical interaction is

U, E) =Vy@, E)+V:(r) + Vso(r) +iW(r, E). (100)
The energy mesh is

Ej = Emin + JAE. (101)
The radial mesh is

T, = Tpin + nA. (102)
The real Woods—Saxon term is

Vy(r) = — < 103

N T S explr Ry ay] (103)
The imaginary volume contribution is
- _ Wo

Wv() = — g aw]” (104)
The model parameter vector is

0 = {VOJ Ty, y, WO! Tw, Qw, VSO' Tso, Aso, 32' ﬁ4' } (105
The radial propagation equation is

w'(r) + Q(r, E; )w(r) = 0. (106)
The function Q;is

A E) = k? =52 = LU (r, ). (107)
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The logarithmic derivative is

Ly (1) = 244m) (108)

uy(rm) '

The transmission coefficient is

T(E) = 1-1 S,(E) I*. (109)
The capture cross section is

lmax
Oeap(E) = 5 2. 2o (2L + DTy (E). (110)
3.1. CERN Open Data Heavy-lon Benchmark

The CERN Open Data component establishes the empirical heavy-ion benchmark used in this study. The
selected records span ALICE Pb-Pb collisions at v/syy = 2.76TeV and 5.02TeV and the ATLAS Run-2 2015
Pb—Pb research dataset. These data provide documented event statistics, persistent identifiers, collision-energy
metadata, and reproducible analysis infrastructure. They are used here as a high-energy heavy-ion reference and
not as direct constraints on near-barrier optical potentials for superheavy-element synthesis.

Table 1. CERN Open Data Heavy-lon Records Used in This Study.

Experiment | System \sNN Run Events Size DOI

ALICE Pb-Pb 2.76 TeV | 139438 281,139 4§3.1 10.7483/OPENDATA.ALICE.PFU6.7SUX

ALICE Pb-Pb 5.02 TeV | 246180 1,564,607 ?61334 10.7483/OPENDATA.ALICE.GO8M.AZOR

ALICE Pb-Pb 5.02 TeV | 246989 6,963,033 5}8;1633 10.7483/OPENDATA.ALICE.O2GW.E12E

ATLAS Pb-Pb 5TeV Run-2 220,950,858 SBBTiB 10.7483/OPENDATA.ATLAS.GUZD.H9UF
release

Table 1 demonstrates the broad range of event statistics available in CERN Open Data. The ALICE samples
contain hundreds of thousands to several million events, while the ATLAS Pb—Pb release contains more than
2.2 x 108events.

Figure 1 presents the event statistics of the selected ALICE and ATLAS Pb—Pb datasets obtained from the CERN
Open Data Portal, providing a quantitative overview of the experimental heavy-ion data used as the high-energy
benchmark in this study.
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Figure 1. Event Statistics of Selected ALICE and ATLAS Pb—Pb Records From the CERN Open Data Portal.
Values Are Dataset Metadata, Not Simulated Counts.

As shown in Figure 1, the selected CERN Open Data records differ by more than two orders of magnitude
in event count. The ATLAS release dominates the available statistics, while the individual ALICE runs provide
smaller but still substantial samples. These data are therefore well suited for testing heavy-ion event-analysis
methodologies, but the difference in collision regime must remain explicit when the results are related to near-
barrier nuclear-reaction calculations.

3.2. Separation of CERN and Superheavy-Synthesis Energy Scales

The energy-scale contrast between CERN Pb—Pb collisions and near-barrier superheavy-element synthesis
is central to the interpretation of this work. LHC Pb—Pb data are recorded at TeV energies per nucleon pair,
whereas fusion reactions such as *8Ca + 2%8Cm occur near a center-of-mass barrier of only a few hundred MeV
for the entire system.

The ratio of the characteristic energy scales can be represented schematically as

Ry = —LHC (111)

Eparrier '
For Eyyc ~ 5.02 TeVper nucleon pair and a near-barrier scale of approximately 200 MeV,

6
Ry ~ % ~ 2.5 x 104, (112)

even before accounting for the very different many-body dynamics and per-nucleon normalization. The physical
separation is therefore profound.
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Figure 2. Logarithmic Comparison of the Characteristic Near-Barrier Superheavy-Synthesis Scale and CERN
LHC Pb—Pb Collision Energies. The Figure Emphasizes Why Tev Collider Data Cannot Be Used as Direct
Optical-Model Fits for Ca—Actinide Fusion.

Figure 2 illustrates this large separation on a logarithmic scale. The comparison reinforces the
methodological choice adopted throughout the paper: CERN Open Data are used as an empirical high-energy
benchmark, while near-barrier phase shifts, transmission coefficients, and fusion observables are calculated
independently from the optical and coupled-channel models.

3.3. Baseline Optical-Model Parameters

Table 2 summarizes the baseline optical-model and coupled-channel parameters adopted for the *8Ca +
248Cm numerical calculations, defining the nuclear interaction, Coulomb geometry, barrier curvature, and
channel-coupling characteristics used to determine the phase shifts and associated reaction observables.

The barrier curvature enters the Hill-Wheeler penetrability, and the eigenbarrier shifts approximate the
redistribution of the nominal barrier by collective channel coupling.

Table 2. Baseline Optical-Model and Coupled-Channel Parameters.

Parameter Value Role

Vo 50 MeV real nuclear depth

rv 1.20 fm radius coefficient

av 0.65 fm surface diffuseness

rC 1.25 fm Coulomb radius coefficient
ho 4.0 MeV barrier curvature
Eigenbarrier shifts -4, 0, +4 MeV coupled-channel surrogate
Weights 0.25,0.50, 0.25 eigenbarrier weights

These parameters should be interpreted as baseline model inputs rather than as experimentally fitted constants
from CERN data.
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3.4. Entrance-Channel Potential

The total effective interaction for the s-wave is

Vere(r) = Vi (r) + Ve (7). (113)
For nonzero angular momentum,

R21(1+1)

Verta () = Vi (r) + Vo) + = == (114)
The fusion-barrier radius Rpis determined by the stationary-point condition

AVess(r)|

Lefll) =0,

ar lreg, (115)

and the barrier height is

Vg = Verr(Rp). (116)

For the baseline *8Ca + 2*8Cm interaction, the numerical calculation gives approximately

Rp =~ 12.26 fm, (117)
and

Vg =~ 207.2 MeV. (118)

300

— Nuclear Vy
e Coulomb V¢

250 4 —— Total Vy + V¢
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150 o

100 o

Potential energy (MeV)
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Figure 3. Nuclear, Coulomb and Total Entrance-Channel Potentials for *8Ca + 2*8Cm. The Numerical
Maximum Gives Vg=207.2 Mev At Rg=12.26 Fm for the Baseline Potential.

Figure 3 shows the attractive nuclear contribution, the repulsive Coulomb term, and their sum. The long-
range Coulomb interaction dominates at large separation, while the Woods—Saxon attraction becomes increasingly
important as the projectile approaches the target surface.
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The resulting maximum defines the effective fusion barrier. This barrier determines the energy at which
transmission begins to increase rapidly and therefore provides the reference point for interpreting the phase-shift
and fusion-excitation calculations.

3.5. Calculated Nuclear Phase Shifts

The phase-shift calculation demonstrates how the projectile—target interaction modifies each partial wave.
The nuclear phase is largest for trajectories that penetrate deepest into the surface region and decreases as the
impact parameter increases.

A semiclassical estimate relates orbital angular momentum to impact parameter through

1
b, =z, (119)
k
Thus, increasing Imoves the classical trajectory farther from the nuclear surface. The corresponding nuclear phase

generally decreases because the wave samples less of the attractive nuclear interaction.

The local sensitivity of the phase shift to a model parameter 6;may be written as

(6) _ 96
Sii’ = . (120)

This derivative is especially useful for identifying which parts of the optical potential are most strongly

constrained by elastic-scattering measurements.

Figure 4 evaluates Eq. (15) for the baseline potential. Low-I trajectories pass through the strongest part of the
nuclear surface and accumulate the largest phase.

— E=212 MeV
E=222 MeV

28.0 1 —— E=237 MeV

27.5 4

27.0 4

26.5 A

26.0

Nuclear phase shift §; (rad)

25.5 1

25.0 1

0 20 40 60 80
Orbital angular momentum /

Figure 4. Semiclassical Nuclear Phase Shifts for the *8Ca + 243Cm Baseline Potential At Three Center-Of-Mass
Energies Above the Model Barrier. These Are Model-Derived Phase Shifts, Not CERN-Extracted Low-Energy
Data.
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Increasing | increases the impact parameter and rapidly suppresses the nuclear phase. Increasing energy
raises the velocity and decreases the magnitude of the eikonal phase at fixed | because the interaction time
shortens. The useful design information is therefore not a single phase-shift value but the energy- and 1-dependent
phase map together with the absorption/transmission profile. The calculated nuclear scattering phase shifts for the
48Ca + 28Cm system as functions of partial-wave angular momentum and center-of-mass energy, illustrating
how the entrance-channel interaction modifies the phase evolution across the fusion-barrier region.

Figure 4 shows the calculated phase shifts for representative center-of-mass energies. Low-l waves
accumulate the largest phase, while high-I waves approach the Coulomb-dominated limit. The energy dependence
of §;(E)reflects changes in penetration, interaction time, and the radial region sampled by the wave function.

A rapid change in the real phase shift can be diagnosed using

— (121)
and the corresponding Wigner time delay is
R
n(E) = 2nSt. (122)

A positive peak in 7; indicates enhanced dwell time in the interaction region. In a strongly absorptive heavy-ion
reaction, however, such a peak must be interpreted together with the modulus of the S-matrix because a time-
delay enhancement alone does not prove formation of an equilibrated compound nucleus.

3.6. Coupled-Channel Enhancement of Sub-Barrier Capture

The coupled-channel calculations reveal the most important dynamical effect of collective nuclear
structure: the nominal single barrier is replaced by a distribution of effective barriers. In the eigenbarrier

approximation,

0&an(E) = X w; 0cap(E; By), (123)
where

B; = Vg + A, (124)

Because one or more of the coupled barriers may lie below the uncoupled value, transmission can be significantly
enhanced at sub-barrier energies.

Figure 5 compares the single-barrier calculation with the coupled-eigenbarrier result. At energies well
below the nominal barrier, the coupled-channel curve lies above the uncoupled prediction because the lowest
eigenbarrier becomes accessible first. Near and above the barrier, the difference gradually decreases as all
important channels become strongly transmitting.
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Figure 5. Single-Barrier and Coupled-Eigenbarrier Capture/Fusion Excitation Functions for the 48Ca+248Cm
Demonstration. The Coupled Calculation Uses Eq. (21) with Three Weighted Barriers.

The enhancement factor may be written as

_ O'((::acp(E)
Ecc(E) = Gégi)(b"). (125)
Values
Ecc(E) > 1 (126)

indicate net enhancement due to channel coupling.

This result is directly relevant to superheavy-element synthesis because deformation and collective excitations
can increase capture at lower excitation energies, where the survival probability against fission may be more
favorable.

3.7. Partial-Wave Transmission Coefficients

The partial-wave transmission coefficient is

T,(E) = 1—| S)N(E) 1% (127)
Within the barrier-penetration approximation,

-1

_ 2n[Vp,—E] 12
T,(E) = [1 + exp( ™ )] . (128)
The centrifugal shift in the effective barrier is
R21(1+1)
AV[ = m. (129)
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Figure 6 shows that low-angular-momentum waves dominate at near-barrier energies. As Eincreases,
progressively larger [-values become transmitting. This angular-momentum filtering is important because a larger
capture cross section does not automatically imply a larger evaporation-residue yield. High-/ compound nuclei
generally possess reduced effective fission barriers and may therefore have poorer survival probabilities.

A useful mean angular momentum of the captured flux is

_ Y l2l+1)T]
()= ,QUHDT

The variance is

(130)

2 2=+t
L e TR

(131)
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Figure 6. Partial-Wave Transmission Coefficients At Three Energies Around The Calculated Barrier. The
Centrifugal Contribution Shifts The Effective Barrier Upward With L.

These quantities characterize the angular-momentum distribution transmitted into the capture stage.
3.8. From Capture to Compound-Nucleus Formation

The calculated reaction or capture cross section is only the first step toward a superheavy evaporation residue.
The probability of forming a compound nucleus is

__ OcN
Pen = e (132)
Accordingly,
OcN = OcapPen: (133)
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The evaporation-residue yield is

OER = O-capPCNVVsur- (134)
For angular-momentum-resolved calculations,
oer(E) = 15 2. (2] + DT)(E)Pen (E, )Y Weur (E*, ). (135)

This equation summarizes the main physical conclusion of the study. Phase shifts and the S-matrix constrain the
entrance-channel dynamics and the transmission coefficients, but the final synthesis probability also depends
critically on quasifission suppression and statistical survival.

3.9. Statistical Survival Against Fission

For an xn-evaporation cascade, the survival probability is

Wor” =TTz P (ELD), (136)

where the neutron-emission branching probability is
ra(E7J)

P, (E/,]) = . - —. 137

n(ET) = Yer (B ) e noro Br ) (137)
The ratio

I'n

T, (138)

is especially important because even relatively small changes in neutron separation energy or fission-barrier
height can change W, by orders of magnitude across a multi-neutron cascade.

The excitation energy after each emitted neutron may be approximated recursively as

Eiy1 = E{ — Bypi — (en)is (139)
where B, ;is the neutron separation energy and (€, );is the average kinetic energy carried by the emitted neutron.

3.10. Implications for Designer Superheavy Nuclei

The numerical results support the use of phase-shift analysis as an entrance-channel screening tool. A
favorable projectile—target combination should display strong but controlled nuclear phase evolution, appreciable
low-to-moderate angular-momentum transmission, and coupled-channel enhancement that permits capture at
relatively low excitation energy.

A useful design objective may therefore be written schematically as

F(E) = Ucap(E)PCN(E)M/sur(E*); (140)
with the optimum beam energy defined by

Eopt = F(E). (141)
The phase shifts influence Findirectly through the entrance-channel S-matrix and transmission
coefficients. Thus, a meaningful “phase-shift-guided” design strategy does not simply maximize §;; it identifies
energy and angular-momentum regions in which the complex S-matrix indicates favorable capture while the

compound-nucleus model predicts acceptable survival.
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3.11. Implications for Z = 119and Z = 120

Extension beyond oganesson requires heavier projectiles because suitable actinide targets with sufficiently
large proton number are limited. Candidate reactions include Ti-, Cr-, and Fe-induced systems. Increasing
projectile charge increases the Coulomb parameter

_ ZpZTeZ

> (142)
and correspondingly raises the entrance-channel Coulomb repulsion.
The barrier can be approximated at first order by
ZpZT
Ve & o o (143)

so increasing Zpgenerally increases the difficulty of capture and may strengthen quasifission competition.

The design problem therefore becomes increasingly dependent on nuclear deformation, mass asymmetry, shell
structure, neutron richness, and the energy dependence of the phase-shift and transmission spectra.

3.12. Uncertainty Quantification

To meet the standards expected for quantitative nuclear-reaction predictions, optical-model parameters
should not be treated as exact. The covariance matrix of fitted parameters may be approximated by

Co=(UrCp D™ (144)
For an observable g(6),

of =~ VgTCyVy. (145)
For phase shifts,

a8 a8
a5 ~ 2._6—;(69)11'67; (146)
ij oot

For nonlinear quantities such as ggg, posterior sampling is preferable:

p(ogr | D) = [ & [ogr — oxr(6)]p(6 | D) d6. (147)

This approach allows synthesis predictions to be reported with physically meaningful credible intervals.
3.13. Main Physical Interpretation

The combined results demonstrate that the entrance-channel dynamics are governed by three
interconnected quantities: the phase shift §;(E), the S-matrix modulus | S;(E) |, and the transmission coefficient
T;(E). The real phase encodes refraction and interaction time, the modulus measures elastic-channel survival, and
the transmission coefficient determines capture probability.

The relevant physical chain is

6I(E) - Sl(E) - Tl(E) - Jcap - PCN - I/Vsur — OER- (148)
The central conclusion is therefore that phase shifts are valuable design observables only when embedded in the
complete reaction chain.
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4. CONCLUSION AND RECOMMENDATIONS

The present study has developed a rigorous phase-shift-based framework for understanding and
optimizing the entrance channels used in the synthesis of superheavy nuclei. The analysis combines quantum
scattering theory, a complex Woods—Saxon optical interaction, Coulomb-modified partial-wave expansion,
coupled-channel dynamics, barrier penetration, S-matrix analysis, and statistical compound-nucleus survival.

The theoretical formulation shows that the nuclear scattering phase shift provides direct information on the
modification of each partial wave by the projectile—target interaction. Through the complex S-matrix,

SN (E) = mi(E)e?o®, (149)
phase and absorption information are treated consistently. The reaction probability is then

PR(E) = 1-1 S} (E) 12, (150)
and the corresponding capture probability enters directly into the partial-wave cross section.

The calculations further demonstrate that collective-channel couplings can substantially enhance
transmission below the nominal Coulomb barrier. This effect is particularly important for deformed actinide
targets, for which rotational couplings create a broad distribution of effective barrier heights. The resulting low-
energy enhancement may permit capture at reduced compound-nucleus excitation energies and thereby improve
the survival probability against fission.

The study also establishes a strict methodological distinction between CERN Open Data and near-barrier
superheavy-nucleus calculations. CERN Pb—Pb data at TeV energies are extremely valuable for heavy-ion event
analysis, data provenance, large-statistics computational validation, and reproducibility, but they do not directly
determine the low-energy Woods—Saxon potential or near-barrier phase shifts for superheavy-element synthesis.
The low-energy quantities must therefore be constrained by dedicated elastic, quasi-elastic, transfer, and fusion
measurements.

The superheavy synthesis probability ultimately depends on

e (E) = ) 0cap (BLJ)Pon (B, ) Wour (5", ) (151)

Thus, no single phase-shift feature can by itself identify an optimum synthesis reaction. The desired
projectile—target combination must simultaneously provide appreciable capture, reduced quasifission, favorable
shell structure, moderate angular momentum, neutron richness, and a compound-nucleus excitation energy
compatible with survival.

For future work, experimentally measured near-barrier elastic and quasi-elastic angular distributions
should be obtained or compiled for candidate reactions involving °°Ti, 5#Cr, and heavier projectiles on actinide
targets. These measurements should be fitted simultaneously with fusion excitation functions using a common
optical and coupled-channel interaction.
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The fitted parameter covariance should then be propagated into the phase shifts,

5,(E; 6), (152)
transmission coefficients,

T,(E; 6), (153)
capture cross sections,

Ocap(E; 0), (154)
and ultimately evaporation-residue cross sections,

ogr(E; 9). (155)
Predictions should be reported as probability distributions or credible intervals rather than single deterministic
values.

The final design criterion can therefore be expressed as a constrained optimization problem,

nga'g[o-capPCNM/sur]r (156)

subject to experimental availability of the projectile and target, beam intensity, target half-life, detector sensitivity,
and acceptable uncertainty in the nuclear interaction.

The principal recommendation of this study is that future superheavy-element searches should integrate
phase-shift analysis with coupled-channel calculations, quasifission models, microscopic shell corrections,
statistical decay models, and uncertainty quantification. Such a unified framework offers a more defensible route
toward rationally designing reactions capable of reaching neutron-richer superheavy isotopes and approaching
the predicted island of stability.

Finally, we can surmise that the stability of the fabricated designer superheavy nucleus depends on low
level small excitations, small coulomb repulsion and sufficiently reduced surface and volume deformation such

that the superheavy nucleus may have longer half-life (T1 /2) and hence be a part of the ‘Island of Stability’. For

this to happen, plane-wave approximation for wave-functions can be used for participating channels leading to
fabrication of superheavy nuclei.
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  S


     48 Ca +    248 Cm


  Z = 119


     48 Ca


  Z = 118


  N = 184


  S


  2 ×  10 8


     48 Ca


     238 U


     249 Cf


  112


  118


     50 Ti


  Z ≥ 119


  S


  S


  E


  𝜇


  J


  l


  𝛼


  𝛽


  𝜂


    𝜎  l


    𝛿  l


    S  N


  S


  P


  T


       [ −    ℏ 2  2 𝜇  ∇ 2 + U  (  r ,   { 𝜉 } ,  E ) − E ] Ψ  (  r ,   { 𝜉 } ) = 0 ,        


   { 𝜉 }


      𝜇 =     m  P   m  T    m  P +   m  T ,                                                                


      k =    2 𝜇 E ℏ .  


      U  (  r ,  E ) =   V  N  (  r ,  E ) +   V  C  ( r ) +   V SO  (  r ,  E ) + i W  (  r ,  E ) .  


        V  N  ( r ) = −     V 0  1 + exp ⁡  [  ( r −   R  V ) /   a  V ] ,  


    V  N  ( r )


  r


  r


    V 0


        R  V =   r  V  (   A  P  1 / 3 +   A  T  1 / 3 ) .  


    R  V


    V  N  (   R  V ) = −   V 0 / 2


    a  V


    a  V


    r  V


    A  P


     48 Ca


    A  P = 48


    A  T


     248 Cm


    A  T = 248


    A  P  1 / 3


    A  T  1 / 3


     48 Ca +    248 Cm ,


    R  V =   r  V  (  48  1 / 3 +  248  1 / 3 ) .


    r  V = 1 . 20   fm


    R  V ≈ 1 . 20  (  48  1 / 3 +  248  1 / 3 ) ≈ 11 . 9   fm .


        W  V  ( r ) = −     W 0  1 + exp ⁡  [  ( r −   R  W ) /   a  W ] .  


        V  C  ( r ) =  {        Z  P   Z  T   e 2  2   R  C  ( 3 −     r 2    R  C 2 ) ,  r <   R  C ,       Z  P   Z  T   e 2  r ,  r ≥   R  C .  


        R  C =   r  C  (   A  P  1 / 3 +   A  T  1 / 3 ) .  


        V SO  ( r ) =   𝜆 SO    (  ℏ    m  𝜋 c ) 2  1  r   d   f SO  ( r )  d r L ⋅ S ,  


        f SO  ( r ) =    [ 1 +  exp ⁡   (   r −   R SO    a SO ) ]  − 1 .  


      L ⋅ S =    ℏ 2 2  [ j  ( j + 1 ) − l  ( l + 1 ) − s  ( s + 1 ) ] .  


      Ψ  ( r ) =   ∑  l = 0 ∞      u  l  ( r )  r   P  l  (  cos ⁡  𝜃 ) .  


       [     d 2  d   r 2 +   k 2 −   l  ( l + 1 )    r 2 −   2 𝜇   ℏ 2 U  (  r ,  E ) ]   u  l  ( r ) = 0 .  


  S


        S  l  N  ( E ) =   𝜂  l  ( E )   e  2 i   𝛿  l  ( E ) ,   0 ≤   𝜂  l ≤ 1 .  


  S


        S  l  ( E ) =   e  2 i   𝜎  l  ( E )   S  l  N  ( E ) ,  


        𝜎  l =  arg ⁡ Γ  ( l + 1 + i 𝜂 ) .  


      𝜂 =     Z  P   Z  T   e 2 𝜇   ℏ 2 k .  


      f  ( 𝜃 ) =   f  C  ( 𝜃 ) +  1  2 i k   ∑  l = 0 ∞ (  2 l + 1 )   e  2 i   𝜎  l  [   S  l  N  ( E ) − 1 ]   P  l  (  cos ⁡  𝜃 ) .  


        d   𝜎 el  d Ω = ∣ f  ( 𝜃 )  ∣ 2 .  


        P  l  R  ( E ) = 1 −    ∣   S  l  N  ( E ) ∣ 2 = 1 −   𝜂  l 2  ( E ) .  


        𝜎  R  ( E ) =   𝜋    k 2   ∑  l = 0 ∞ (  2 l + 1 )  [ 1 − ∣   S  l  N  ( E )  ∣ 2 ] .  


      b =   l +  1 2  k ,  


    𝜒  N  ( b )


  b


        𝜒  N  ( b ) = −  1  ℏ v   ∫  − ∞  + ∞    V  N  (    b 2 +   z 2 ) d z .  


    V  N  ( r )


  v


  b


  z


  r =    b 2 +   z 2


  ℏ


    𝜒  N  ( b )


  b


  b


  b ≃   l +  1 2  k ,


        𝛿  l  N ≃  1 2   𝜒  N  ( b ) .  


        𝜏  l  ( E ) = 2 ℏ   d   𝛿  l   ( R )  d E .  


      Q  ( E ) = − i ℏ   S †  ( E )   d S  ( E )  d E .  


  l


  s


        V  B , l =   V  B +    ℏ 2 l  ( l + 1 )  2 𝜇   R  B 2 .  


        T  l  ( E ) =    [ 1 +  exp ⁡   (   2 𝜋  [   V  B , l − E ]  ℏ   𝜔  l ) ]  − 1 ,  


  ℏ   𝜔  l


        𝜎 cap  ( E ) =   𝜋    k 2   ∑  l = 0 ∞ (  2 l + 1 )     T  l  ( E ) .  


        𝜎 cap CC  ( E ) =   ∑  i    w  i     𝜎 cap  (  E ;    V  B +  Δ  i ) ,  


    ∑  i    w  i = 1 .


   Δ  i


  i


    w  i


        𝜎 ER  ( E ) =   ∑  J = 0 ∞    𝜎 cap  (  E ,  J )     P CN  (  E ,  J )     W sur  (    E ∗ ,  J ) .  


        𝜎 cap  (  E ,  J ) =   𝜋    k 2  ( 2 J + 1 )     T  J  ( E ) .  


    P CN


    W sur


        J  i j =   𝜕   O  i  𝜕   𝜃  j ,  


    O  i


    𝜃  j


  x n


        W sur   ( x n )  (    E ∗ ,  J ) =   ∏  i = 1  x     Γ  n  (    E  i ∗ ,  J )   Γ  n  (    E  i ∗ ,  J ) +  Γ  f  (    E  i ∗ ,  J ) +   ∑  c   Γ  c  (    E  i ∗ ,  J ) .  


        E ∗ =   E  c . m . + Q ,  


  Q


  Q


        D fus  ( E ) =     d 2  d   E 2  [ E   𝜎 fus  ( E ) ] .  


    D fus  ( E )


  E


    𝜎 fus  ( E )


  E


   fm 2


    d 2 / d   E 2


  E   𝜎 fus  ( E )


    D fus  ( E )


    D fus  (   E  i ) ≈      ( E 𝜎 )  i + 1 − 2    ( E 𝜎 )  i +    ( E 𝜎 )  i − 1     ( Δ E ) 2 ,


  Δ E


        𝜎 fus CC  ( E ) =   ∑  𝛼    w  𝛼     𝜎 fus  (  E ;    B  𝛼 ) ,  


    B  𝛼


    w  𝛼


    r  m


        L  l  (   r  m ) =     u  l ′  (   r  m )    u  l  (   r  m ) .  


    L  l  (   r  m )


  l


    u  l  ( r )


    u  l ′  (   r  m )


    u  l ′  (   r  m ) =      d   u  l  ( r )  d r ∣  r =   r  m ;


  l = 0 , 1 , 2 , …


    r  m


    u  l ′ /   u  l


   [   L  l ] =  fm  − 1 .


    u  l  ( r )


  S


      f  ( 𝜃 ) =   f  C  ( 𝜃 ) +  1  2 i k   ∑  l = 0 ∞ (  2 l + 1 )   e  2 i   𝜎  l  [   S  l  N  ( E ) − 1 ]   P  l  (  cos ⁡  𝜃 ) .  


        f  C  ( 𝜃 ) = −   𝜂  2 k  sin 2  ( 𝜃 / 2 )  exp ⁡   [ 2 i   𝜎 0 − i 𝜂  ln ⁡   (  sin 2   𝜃 2 ) ] .  


        d   𝜎 el  d Ω = ∣ f  ( 𝜃 )  ∣ 2 .  


  l


        𝜎  l  R =   𝜋    k 2  ( 2 l + 1 )  [ 1 − ∣   S  l  N  ∣ 2 ] .  


       tan ⁡    𝛿  l  N =   k   F  l ′  (  𝜂 ,  k   r  m ) −   L  l   F  l  (  𝜂 ,  k   r  m )    L  l   G  l  (  𝜂 ,  k   r  m ) − k   G  l ′  (  𝜂 ,  k   r  m ) .  


    𝛿  l  N


  l


  l


  k


  k =    2 𝜇 E ℏ ,


  𝜇


  E


  ℏ


  𝜂


  𝜂 =     Z  P   Z  T   e 2 𝜇   ℏ 2 k =     Z  P   Z  T   e 2  ℏ v ,


    Z  P


    Z  T


  e


  v


    F  l  (  𝜂 ,  𝜌 )


    G  l  (  𝜂 ,  𝜌 )


  𝜌 = k r .


    𝜌  m = k   r  m .


    F  l ′


    G  l ′


  𝜌


    F  l ′ =   𝜕   F  l  (  𝜂 ,  𝜌 )  𝜕 𝜌 ,     G  l ′ =   𝜕   G  l  (  𝜂 ,  𝜌 )  𝜕 𝜌 .


  k


  r


    L  l ≡   L  l  (   r  m )


        R  T  ( 𝜃 ) =   R 0  [ 1 +   ∑  𝜆 = 2 , 4 , …    𝛽  𝜆   Y  𝜆 0  ( 𝜃 ) ] .  


        V coup  (  r ,  𝜃 ) ≃ −   R 0   d   V  N  ( r )  d r   ∑  𝜆    𝛽  𝜆   Y  𝜆 0  ( 𝜃 ) .  


        V  𝛼 𝛽  ( r ) =  ⟨   𝜙  𝛼  ∣   V  N  (  r ,   { 𝜉 } ) +   V  C  (  r ,   { 𝜉 } ) ∣   𝜙  𝛽 ⟩ .  


       [ −    ℏ 2  2 𝜇     d 2  d   r 2 +    ℏ 2   l  𝛼  (   l  𝛼 + 1 )  2 𝜇   r 2 +   𝜖  𝛼 − E ]   u  𝛼  ( r ) +   ∑  𝛽    V  𝛼 𝛽  ( r )   u  𝛽  ( r ) = 0 .  


        𝛿  l =   𝛿  l  R + i   𝛿  l  I .  


  S


        S  l  N  ( E ) =  exp ⁡   [ 2 i   𝛿  l  R  ( E ) − 2   𝛿  l  I  ( E ) ] .  


      ∣   S  l  N  ∣ 2 =  exp ⁡   [ − 4   𝛿  l  I  ( E ) ] .  


        P  l  R  ( E ) = 1 − ∣   S  l  N  ( E )  ∣ 2 ,  


        𝜎  R  ( E ) =   𝜋    k 2   ∑  l (  2 l + 1 )   P  l  R  ( E ) .  


        V  eff , l  ( r ) ≃   V  B , l −  1 2 𝜇   𝜔  l 2    ( r −   R  B , l ) 2 .  


        T  l  ( E ) =    [ 1 +  exp ⁡   (   2 𝜋  [   V  B , l − E ]  ℏ   𝜔  l ) ]  − 1 .  


        D fus  ( E ) =     d 2  d   E 2  [ E   𝜎 fus  ( E ) ] .  


      Entrance interaction →   S  l →   T  l →   𝜎 cap →   P CN →   W sur →   𝜎 ER .  


    S  l


    S  l  N  ( E ) =   𝜂  l  ( E )   e  2 i   𝛿  l  N  ( E ) ,


    𝜂  l


    𝛿  l  N


    T  l


    T  l  ( E ) = 1 − ∣   S  l  N  ( E )  ∣ 2 .


  l


    𝜎 cap


    𝜎 cap  ( E ) =   𝜋    k 2   ∑  l (  2 l + 1 )   T  l  ( E ) ,


    P CN


  0 ≤   P CN ≤ 1 ,


    W sur


    E ∗


  J


    𝜎 ER


        𝜎 ER  ( E ) =   ∑  l    𝜎  cap , l  ( E )   P CN  (  E ,  l )   W sur  (    E ∗ ,  l ) .  


  S


        d   N ch  d 𝜂 = 1943 ± 54 .  


          d 2   u  l  d   r 2 +  [   k 2 −   l  ( l + 1 )    r 2 −   2 𝜇   ℏ 2  (   U  N  (  r ,  E ) +   V  C  ( r ) ) ]   u  l  ( r ) = 0 .  


      k =    2 𝜇 E ℏ .  


      U  (  r ,  E ) =   V  C  ( r ) +   V  N  (  r ,  E ) + i   W  N  (  r ,  E ) +   V so  ( r )   L ⋅ S .  


        r  n =   r min + n h ,   n = 0 , 1 , … , N .  


        Q  l  ( r ) =   k 2 −   l  ( l + 1 )    r 2 −   2 𝜇   ℏ 2 U  ( r ) ,  


        u  l  ′ ′  ( r ) +   Q  l  ( r )   u  l  ( r ) = 0 .  


        u  n + 1 =   2  ( 1 −   5  h 2   Q  n 12 )   u  n −  ( 1 +    h 2   Q  n − 1 12 )   u  n − 1  1 +    h 2   Q  n + 1 12 .  


        u  l  ( r ) ∝   r  l + 1 ,   r → 0 .  


        u  l  (   r 1 ) =   r 1  l + 1 ,     u  l  (   r 2 ) =   r 2  l + 1 .  


        u  l  ( r ) →   i 2  [   H  l   ( − )  (  𝜂 ,  k r ) −   S  l  N   H  l   ( + )  (  𝜂 ,  k r ) ] ,  


        H  l   ( ± ) =   G  l ± i   F  l .  


      𝜂 =     Z  P   Z  T   e 2 𝜇   ℏ 2 k .  


        L  l  (   r  m ) =     u  l ′  (   r  m )    u  l  (   r  m ) .  


        L  l =     F  l ′  cos ⁡    𝛿  l +   G  l ′  sin ⁡    𝛿  l    F  l  cos ⁡    𝛿  l +   G  l  sin ⁡    𝛿  l .  


       tan ⁡    𝛿  l =     L  l   F  l −   F  l ′    G  l ′ −   L  l   G  l .  


        𝛿  l =  tan  − 1  [     L  l   F  l −   F  l ′    G  l ′ −   L  l   G  l ] .  


        𝛿  l =   𝛿  l   ( R ) + i   𝛿  l   ( I ) .  


  S


        S  l  N  ( E ) =   𝜂  l  ( E )   e  2 i   𝛿  l   ( R )  ( E ) =  exp ⁡   [ 2 i   𝛿  l   ( R ) − 2   𝛿  l   ( I ) ] .  


        𝜂  l  ( E ) = ∣   S  l  N  ( E ) ∣ =  exp ⁡   [ − 2   𝛿  l   ( I )  ( E ) ] .  


        P  l  ( E ) = 1 − ∣   S  l  N  ( E )  ∣ 2 .  


        𝜎  R  ( E ) =   𝜋    k 2   ∑  l = 0    l max (  2 l + 1 )  [ 1 − ∣   S  l  N  ( E )  ∣ 2 ] .  


        𝜎 cap  ( E ) =   𝜋    k 2   ∑  l (  2 l + 1 )   T  l  ( E ) ,  


        T  l  ( E ) = 1 − ∣   S  l  N  ( E )  ∣ 2 .  


        𝜎 ER  ( E ) =   𝜋    k 2   ∑  l (  2 l + 1 )   T  l  ( E )   P CN  (  E ,  l )   W sur  (    E ∗ ,  l ) .  


        𝛿  l  R  (   E  R ) ≃  ( n +  1 2 ) 𝜋 .  


      Γ ≃  2       d   𝛿  l  R  d E ∣    E  R .  


      Q  ( E ) = − i ℏ   S †   d S  d E .  


        𝜏  l  ( E ) = 2 ℏ   d   𝛿  l  R  d E .  


       [ −    ℏ 2  2 𝜇     d 2  d   r 2 +    ℏ 2   l  𝛼  (   l  𝛼 + 1 )  2 𝜇   r 2 +   𝜖  𝛼 − E ]   u  𝛼  J  ( r ) +   ∑  𝛽    V  𝛼 𝛽  J  ( r )   u  𝛽  J  ( r ) = 0 .  


        S  𝛽 𝛼  J  ( E ) .  


       ∣   𝛿  l   ( h ) −   𝛿  l   ( h / 2 ) ∣ <   𝜀  𝛿 ,  


       ∣   𝜎  R   (   l max + Δ l ) −   𝜎  R   (   l max ) ∣ <   𝜀  𝜎 .  


        𝜎 ER  ( E ) =   ∑  J    𝜎 cap  (  E ,  J )   P CN  (  E ,  J )   W sur  (    E ∗ ,  J ) .  


        𝜒 2  ( 𝜃 ) =    [ y − f  ( 𝜃 ) ]  T   C  D  − 1  [ y − f  ( 𝜃 ) ] .  


      p  ( 𝜃 ∣ D ) =   ℒ  ( D ∣ 𝜃 ) p  ( 𝜃 )   ∫ ℒ  ( D ∣   𝜃 ′ ) p  (   𝜃 ′ )   d   𝜃 ′ .  


      ℒ ∝  exp ⁡   [ −  1 2   𝜒 2  ( 𝜃 ) ] .  


        u  i + 1 =   2   u  i  ( 1 −   5  h 2   Q  i 12 ) −   u  i − 1  ( 1 +    h 2   Q  i − 1 12 )  1 +    h 2   Q  i + 1 12 .  


      𝜇 =     m  P   m  T    m  P +   m  T .  


      k  ( E ) =    2 𝜇 E ℏ .  


        R  i =   r  i  (   A  P  1 / 3 +   A  T  1 / 3 ) .  


      U  (  r ,  E ) =   V  N  (  r ,  E ) +   V  C  ( r ) +   V SO  ( r ) + i W  (  r ,  E ) .  


        E  j =   E min + j Δ E .  


        r  n =   r min + n h .  


        V  N  ( r ) = −     V 0  1 + exp ⁡  [  ( r −   R  V ) /   a  V ] .  


        W  V  ( r ) = −     W 0  1 + exp ⁡  [  ( r −   R  W ) /   a  W ] .  


      𝜃 =  {    V 0 ,    r  V ,    a  V ,    W 0 ,    r  W ,    a  W ,    V SO ,    r SO ,    a SO ,    𝛽 2 ,    𝛽 4 , … } .  


        u  l  ′ ′  ( r ) +   Q  l  (  r ,    E  j )   u  l  ( r ) = 0 .  


    Q  l


        Q  l  (  r ,  E ) =   k 2 −   l  ( l + 1 )    r 2 −   2 𝜇   ℏ 2 U  (  r ,  E ) .  


        L  l  (   r  m ) =     u  l ′  (   r  m )    u  l  (   r  m ) .  


        T  l  ( E ) = 1 − ∣   S  l  ( E )  ∣ 2 .  


        𝜎 cap  ( E ) =   𝜋    k 2   ∑  l = 0    l max (  2 l + 1 )   T  l  ( E ) .  


     s  N N = 2 . 76


  5 . 02


  2 . 2 ×  10 8


     48 Ca +    248 Cm


       ℛ  E =     E LHC    E barrier .  


    E LHC ∼ 5 . 02   TeV


  200   MeV


       ℛ  E ∼   5 . 02 ×  10 6   MeV  200   MeV ≈ 2 . 5 ×  10 4 ,  


     48 Ca +    248 Cm


  s


        V eff  ( r ) =   V  N  ( r ) +   V  C  ( r ) .  


        V  eff , l  ( r ) =   V  N  ( r ) +   V  C  ( r ) +    ℏ 2 l  ( l + 1 )  2 𝜇   r 2 .  


    R  B


           d   V eff  ( r )  d r ∣  r =   R  B = 0 ,  


        V  B =   V eff  (   R  B ) .  


     48 Ca +    248 Cm


        R  B ≃ 12 . 26   fm ,  


        V  B ≃ 207 . 2   MeV .  


     48 Ca +    248 Cm


   V B


   R B


        b  l =   l +  1 2  k .  


  l


    𝜃  i


        S  l , i   ( 𝛿 ) =   𝜕   𝛿  l  𝜕   𝜃  i .  


   Ca    48 +  Cm    248


     48 Ca +    248 Cm


  l


  l


    𝛿  l  ( E )


        d   𝛿  l  R  d E ,  


        𝜏  l  ( E ) = 2 ℏ   d   𝛿  l  R  d E .  


    𝜏  l


  S


        𝜎 cap CC  ( E ) =   ∑  i    w  i   𝜎 cap  (  E ;    B  i ) ,  


        B  i =   V  B +  Δ  i .  


       ℰ CC  ( E ) =     𝜎 cap CC  ( E )    𝜎 cap   ( 0 )  ( E ) .  


       ℰ CC  ( E ) > 1  


        T  l  ( E ) = 1 − ∣   S  l  N  ( E )  ∣ 2 .  


        T  l  ( E ) =    [ 1 +  exp ⁡   (   2 𝜋  [   V  B , l − E ]  ℏ   𝜔  l ) ]  − 1 .  


      Δ   V  l =    ℏ 2 l  ( l + 1 )  2 𝜇   R  B 2 .  


  E


  l


  J


       ⟨ l ⟩ =     ∑  l  l  ( 2 l + 1 )   T  l    ∑  l (  2 l + 1 )   T  l .  


        𝜎  l 2 =     ∑  l (  l −  ⟨ l ⟩    ) 2  ( 2 l + 1 )   T  l    ∑  l (  2 l + 1 )   T  l .  


        P CN =     𝜎 CN    𝜎 cap .  


        𝜎 CN =   𝜎 cap   P CN .  


        𝜎 ER =   𝜎 cap   P CN   W sur .  


        𝜎 ER  ( E ) =   𝜋    k 2   ∑  J (  2 J + 1 )   T  J  ( E )   P CN  (  E ,  J )   W sur  (    E ∗ ,  J ) .  


  S


  x n


        W sur   ( x n ) =   ∏  i = 1  x    P  n  (    E  i ∗ ,  J ) ,  


        P  n  (    E  i ∗ ,  J ) =    Γ  n  (    E  i ∗ ,  J )   Γ  n  (    E  i ∗ ,  J ) +  Γ  f  (    E  i ∗ ,  J ) +   ∑  c   Γ  c  (    E  i ∗ ,  J ) .  


         Γ  n   Γ  f  


    W sur


        E  i + 1 ∗ =   E  i ∗ −   B  n , i −    ⟨   𝜖  n ⟩  i ,  


    B  n , i


     ⟨   𝜖  n ⟩  i


      ℱ  ( E ) =   𝜎 cap  ( E )   P CN  ( E )   W sur  (   E ∗ ) ,  


        E opt =   ℱ  ( E ) .  


  ℱ


  S


    𝛿  l


  S


  𝒁 = 𝟏 𝟏 𝟗


  𝒁 = 𝟏 𝟐 𝟎


      𝜂 =     Z  P   Z  T   e 2  ℏ v ,  


        V  B ∝     Z  P   Z  T    R  P +   R  T ,  


    Z  P


        C  𝜃 =    (   J  T   C  D  − 1 J )  − 1 .  


  g  ( 𝜃 )


        𝜎  g 2 ≈ ∇   g  T   C  𝜃 ∇ g .  


        𝜎    𝛿  l 2 ≈   ∑  i j    𝜕   𝛿  l  𝜕   𝜃  i    (   C  𝜃 )  i j   𝜕   𝛿  l  𝜕   𝜃  j .  


    𝜎 ER


      p  (   𝜎 ER ∣ D ) =  ∫  𝛿  [   𝜎 ER −   𝜎 ER  ( 𝜃 ) ] p  ( 𝜃 ∣ D )   d 𝜃 .  


    𝛿  l  ( E )


  S


  ∣   S  l  ( E ) ∣


    T  l  ( E )


        𝛿  l  ( E ) ⟶   S  l  ( E ) ⟶   T  l  ( E ) ⟶   𝜎 cap ⟶   P CN ⟶   W sur ⟶   𝜎 ER .  


  S


  S


        S  l  N  ( E ) =   𝜂  l  ( E )   e  2 i   𝛿  l  ( E ) ,  


        P  l  R  ( E ) = 1 − ∣   S  l  N  ( E )  ∣ 2 ,  


        𝜎 ER  ( E ) =   ∑  J    𝜎 cap  (  E ,  J )   P CN  (  E ,  J )   W sur  (    E ∗ ,  J ) .  


     50 Ti


     54 Cr


        𝛿  l  (  E ;  𝜃 ) ,  


        T  l  (  E ;  𝜃 ) ,  


        𝜎 cap  (  E ;  𝜃 ) ,  


        𝜎 ER  (  E ;  𝜃 ) .  


       max  P , T , E  [   𝜎 cap   P CN   W sur ] ,  


   (   T   1 2 )

