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ABSTRACT

In this article, the concept of 2-Skolem difference mean labeling, relaxed 2-Skolem difference mean labeling, and
2-Skolem difference mean number of a graph are introduced. A graph G = (V, E) with p vertices and 2q edges is said
to have 2-Skolem difference mean labeling if it is possible to label the vertices x € V with distinct elements f(x) from
the set {1,2,...,p} in such a way that the edge e = uv is labelled with If(u)z;f(v)l if |f(u) — f(v)| is even, and

w if |f (u) — f(v)| is odd, and the resulting labels of the edges are distinct and are from {1,1,2,2,3,3, ...q,q}.

A graph that admits 2-Skolem difference mean labeling is called a 2-Skolem difference mean graph. The authors studied
2-Skolem difference mean labeling of some graphs.
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1. INTRODUCTION

Graphs considered in this paper are finite, undirected and simple. Terms and notations not defined here
are used in the sense of Harary [3]. Let G = (V,E) be a graph with p vertices and q edges. |V(G)| =p is
called the order of G and |E(G)| = q is called the size of G.

A graph labeling is an assignment of integers to the vertices or edges or both subject to certain
conditions. If the domain of the mapping is the set of vertices (edges/ both), then the labeling is called vertex
(edges/total) labeling.

Rosa introduced a — valuations in [15] which in later called graceful graphs. There are several types
of graph labeling, and a detailed survey is found in [5]. The concept of Skolem difference mean labeling was
introduced in [12] and further results were studied in [10,11,14,16,17]. Acharya et al proved in [1] that any
connected graph can be embedded as an induced sub graph of a connected graceful graph.

Skolem difference mean labeling of some path related graphs was introduced by Dharamvirsinh
Parmar and Urvisha Vaghela in [2].

Following definitions are necessary for the present study.

Definition 1.1: A path P of length n in a graph G is a sequence of distinct vertices {vy, v4, ..., U, } Where e; =
V;iVi4q for i = 0,1,..n — 1. We also represent P by {ey, ey, ..., €5—1}.Vpand v, are called end vertices, and
V4, Vs, ..., Up_ are called internal vertices of P. A path on n points is denoted by B,.

Definition 1.2: A cycle in a graph G is a sequence of distinct vertices {vy, vy, ... V1, Uy} Wherev; and v, ; are
adjacent for all i = 0,1, ...n — 2 and v,,_; andvy, are adjacent in G. A cycle with n > 3 vertices is denoted by
C,,.C5 is often called a triangle.

Definition 1.3: If every two vertices of a graph are adjacent, then G is called a complete graph. The complete
graph with p vertices is denoted byK,,. The graph K, is regular of degree p — 1 and has p vertices and @
edges.

Definition 1.4: The coconut tree graph C,,, is obtained by identifying the central vertex of K; ,, with a
pendent vertex of the path P,.

Definition 1.5: The Bistar B,, ,, is the graph obtained from K, by joining m pendent edges to one end of K,
and n pendent edges to the other end of K.

The edge of K, is called the central edge of B, , and the vertices of K, are called the central vertices of B, ,,.

Definition 1.6: The graph P,_;(1,2, ...,n) is a graph obtained from a path of verticesv,, v, ..., U, having the
path length n — 1 by joining i pendent vertices at each of its i"* vertex.

K. Murugan and A. Subramanian introduced the concept of Skolem difference mean graph in [12]. They
studied Skolem difference mean labeling of various graphs.
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The concept of edge reduced Skolem difference mean number of a graph was introduced by K.
Murugan in [9]. In that paper, the author studied the edge reduced Skolem difference mean number of some
graphs. In [8], the authors studied extra Skolem difference mean labeling of some graphs. In [4], the authors
studied the Skolem difference mean labeling of C,, U C,(n,m = 3 and m < n). In [19], the authors studied
Skolem difference odd mean labeling of path, cycle, and complete bipartiate graphs. In [6], the authors studied
Skolem odd difference mean labeling of TOK,,, banana tree Bt (n,n, ..., n), regular bamboo tree (Sn,m) .

m times

Definition 1.7: Let G = (V,E) be a graph with p vertices and g edges. A graph is said to be Skolem odd
difference mean if there exists a function f:V(G) — {0,1,2,3,...,p + 3q — 3} satisfying f is 1-1 and the
induced map f*: E(G) — {1,3,5, ...,2q — 1 defined by f*(e) = [M] is a bijection. A graph that admits

Skolem odd difference mean labeling is called Skolem odd difference mean graph. They call a Skolem odd
difference mean labeling as Skolem even vertex odd difference mean labeling if all vertex labels are even. A
graph that admits Skolem even vertex odd difference mean labeling is called Skolem even vertex odd
difference mean graph. In that paper, they proved that the graphs T © K,,, St(ny,ny, ..., n,,), Bt n,n, ..., n,

m times

T(Kin,: Kin, King: 1 Ky, ) and (Spm) . are Skolem odd difference mean graphs.

In [20], the authors studied Skolem difference mean labeling in duplicate graphs of path graphs, comb graph
and twig graph. In [13], the authors introduced Skolem difference Lucas mean labeling of Ki,, K1 m @

Kin Kim © 2B,.

Definition 1.8: A graph G with p vertices and q edges is said to have Skolem difference Lucas mean labeling
if it is possible to label the vertices x € v with distinct elements f (x) from the set {1,2, Lp+q} in such a way
that the edge e = uv is labelled with |w if |f ) — f ()] is even and LOTLO e ) — £ (v)) s

odd, then the resulting edge labels are distinct and are from {Ll,Lz, ...,Lq}. A graph that admits Skolem

difference Lucas mean labeling is called a Skolem difference Lucas mean graph.
In [18], Near Skolem difference mean labeling of C,, @K ,,,, C;; @ K; ,,, are studied.

Definition 1.9: Let G be a (p, q) graphand f:V(G) - {1,2,..p + ¢ — 1,p + q + 2} be an injection. For each
edge e = uv the induced edge labeling f*is defined as follows: fr=

If(u)z;f(v)l if |f(w) — f(v)] is even

Fe-f@l+ 00‘5 O 61 f (W) — F(v)| is odd

distinct and from {1,2,3, ..., g}. A graph that admits a Near Skolem difference mean labeling is called a Near
Skolem difference mean graph.

Then f is called Near Skolem difference mean labeling if f*(e)are all

In [7], the authors introduced Skolem difference Fibonaci mean labeling and studied Skolem difference
Fibonaci mean labelingof fan F, = B, + K;, F,,, @2P,, triangular snacke graph TS,
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Definition 1.10: A graph G with pvertices and g edges is said to have Skolem difference Fibonacci mean
labeling if it is possible to label the vertices x € V with distinct elements f(x) from the set {1,2, . Fp+q} in

if 1F(u) — f(v)| is even LTI i

|f (W) — f(v)lis 0dd, and the resulting edge labels are distinct and are from {F;, Fy, ..., F;}. A graph that admits
Skolem difference Fibonacci mean labeling is called a Skolem difference Fibonacci mean graph.

such a way that the edge e = uv is labeled with |f—(u);f )

Motivated by the above definitions, in this paper, the authors introduce a new type of labeling called 2-Skolem
difference mean labeling.

2. RESULT

In this section, the authors introduce the concept of 2-Skolem Difference Mean labeling and 2-Skolem
Difference Mean number of a graph.

Definition 2.1: A graph G = (V, E) with p vertices and 2q edges is said to have 2-Skolem difference mean
labeling if it is possible to label the vertices x € V with distinct elements f(x) from the set {1,2, ... p} in such

a way that the edge e = uv is labeled with If(u)z;f(v)' if |f(uw)—f(w)| is even, and w if

|f(u) — f(v)| is odd, and the resulting labels of the edges are distinct and are from {1,1,2,2,3,3,...q,q}. A
graph that admits 2-Skolem difference mean labeling is called a 2-Skolem difference mean graph.

Theorem 2.2: K, ,, is 2-Skolem difference mean for all n.
Proof: Let G be the graph.

LetV(G) = {v,v;/1 <i<2n}and E(G) = {vv;/1 < i < 2n}
Let f:V(G) - {1,2,...,2n + 1} as follows:

fv)y=2n+1

fogii) =2n+2-2i1<i<n
flo,)=2n+1-2i1<i<n

The induced edge labels are {1,1,2,2, ..., n, n}

Hence K; ,, is 2-Skolem difference mean for all n.
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Example 2.3: 2-Skolem difference mean labeling ofK 4 is illustrated in Fig. 1

Figure 1

Theorem 2.4: P,,, ., is 2-Skolem difference mean for all n.
Proof: Let G be the graph P,, 44
LetV(G) ={v;/1 <i<2n+1}and E(G) = {v;v;;1/1 < i < 2n}

Let f:V(G) = {1,2, ...,2n + 1} be defined as follows.
fwy)=2n+2—-i1<i<n

f(41) =1+4+i,0<i<n

The induced edge labels are {1,1,2,2, ...n,n}

Hence P,, 4 is 2-Skolem difference mean for all n.

Example 2.5: 2-Skolem difference means labeling of P, is Fig. 2

— ® *— ° ~— ®
1 7 2 6 3 5
Figure 2

-5-
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Theorem 2.6: B, , where m and n are in opposite parity, is 2-Skolem difference mean for all m,n = 1.
Proof: Let G be the graph B, ,

Let V(G) ={uv,u;,vj/1 <i<m1<j<n}

EG) = {wuuv,vvj/1 <i<m1<j<n}

Let f:V(G) - {1,2,...,2n + 1} be defined as follows.

flwy=m+n+2

fu) =1, 1<is<m

f) =fum) +1

f)=flun)+1+j,1<j<n

Hence By, ,, is 2-Skolem difference mean for all m,n > 1.

Example2.7: 2-Skolem difference mean labeling of B, 5 in Fig. 3

1 4
5
—e 6
9 3
2 7
8
Figure 3

Theorem 2.8: The coconut tree graph C,;, , where m and n are in opposite parity, is 2-Skolem difference mean
forall m,n = 1.

Proof: Let be the coconut tree graph G, ,,

LetV(G) ={v,uj/1<i<nl1<j<m}

EG) = {viviﬂ,vluj/l <i<n—-1,1<j< m}
Then |V(G)| =n+mand |[E(G)|]=n+m—1

Let f:V(G) —» {1,2, ..., m + n} be defined as follows.
f(u]-)=m+n+1—j,1 <js<m

fv) =1
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f)=fu,)+1-i,2<i<n

m+n—1 m+n—1}
2 2

The induced edge labels are {1,1,2,2, .

Hence Cy, ,, is 2-Skolem difference mean for all m,n > 1.

Example 2.9: 2-Skolem difference mean labeling of C, 5 is Fig. 4

7
®
8 6
9 e ® 5

1

40

3@
2 @

Figure 4

Theorem 2.10: The caterpillar graph S(X;, X5, ..., X;,) is 2-Skolem difference mean for all n.
Proof: Let G be the caterpillar graph S(X, X5, ..., X;,).

LetV(G) ={w/1<i<2n+ 1 u{y;/1<i<2n+11<j<X}and
EG) = {wu/1<i<2nju{uu;/1<i<2n+11<j<X;}
Let f:V(G) - {1,2,...X; + X, + -+ X, + n}

Case(i)when n is odd:

Letn=2m+1
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2m+1

fugjsr) = Z Xi+2m+1-X,— X, — =Xy, —)0<j<m

=1

f(uZ]) =X1+X3 +X5+X2]_1 +],1 S]Sm

f(X(2i+1)j) :X1 +X3 +X5 + "'+X2i_1 +l+],1 S] SXZH_]_,O S l Sm
2m+1

(X)) = Z Xi+2m+1-X, =X, — - —Xpp— (=1 —j,1<j<Xy;)1<i<m

=1

Case(ii)when n is even.

Letn =2m
2m

Fltajen) = ) (Xi+2m =X = Xy = = Xp; = DO j <m
i=1

f(qu):X1+X3+“'+X2]_1 +_],1 S]Sm

f(X(2i+1)j) :X1 +X3 + "‘+X2i_1 +l+_],1 S] SXZL'+1'O S l <m

2m
(X)) = ZUQ +2m =X, =Xy — =Xy — (- D —j,1<j<Xp)1<i<m
i=1

The induced edge labels are {1,1,2,2, .

X1+X2+'~+Xn+n X1+X2+~-~+Xn+n}
2 ’ 2

Hence S(X;, X5, ..., X;,) is 2-Skolem difference mean for all m, n.

Example 2.11: The 2-Skolem difference mean labeling of §(2,2,3,2) is Fig. 5

12 11 9 8

Figure 5
-8-
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Corollary 2.12: When X; = m, 1 < i < n, the graph P, ©® K,, is 2-Skolem difference mean for all n > 2
andm > 1.

Example 2.13: The 2-Skolem difference mean labeling of Ps © K, is Fig. 6

14 13 11 10

Figure 6

Corollary 2.14: The graph P,_;(1,2, ...,n) is 2-Skolem difference mean.
Example 2.15: The 2-Skolem difference mean labeling of the graph P;(1,2,3) is Fig. 7

Figure 7

-9.
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Theorem 2.16: The twig graph obtained from the path by attaching exactly two pendent edges to each internal
vertex of the path is also 2-Skolem difference mean.

Proof: Let G be the twig graph.

LetV(G) = {vpu,wj/1<i<n2<j<n-1}

EG) = {vivir,vju,vjwi/1<i<n-12<j<n-1}
Let f:V(G) - {1,2,...,n — 2}

n—1
f(vzl+1):1+3l,0SlST

n—1
f(vzl-)=3n—7—3i,1SiST

n—1
f(uzjer) = f(w) +2=3j,1 Sj<T

n—1

fluz) =3/-11<j<s——
. o n—1
f(W2j+1)=f(u3)+2_3];1 S]<T

) o n-—1
Fwa) =31 <) <222
The induced edge labels are {1,1,2,2, ..., n, n}

Hence the twig graph is 2-Skolem difference mean.

Example 2.17: 2-Skolem difference mean labeling of twig graph obtained from the path Ps by attaching
exactly two pendent edges to each internal vertex of the path is Fig. 8

2 10 5
® ® ®
1@ l1g 44 3 N ° 7
([ J L [ ]
3 9 6
Figure 8

-10 -
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Theorem 2.18: Let G = P, © K; — e;,n = 2 where e, is an edge incident with the vertex v; in G. Then G
is 2-Skolem difference mean.

Proof: Let V(G) = {vi,uj; 1<i<n2<j< n}
E(G) = {viviﬂ,vjuj;l <i<n-12<j<n}
Then |V(G)| =2n —1and |[E(G)| =2(n—1)

Let f:V(G) - {1,2, ...,2n — 1} be defined as follows.

Case (i )when n is odd:

n+1
f(v21_1)=21—1,1SlS

. .o n+1
f(v2i)=2n+1—21;1Sl<T

n+1

flugjer) =2n—2j;1<j <

. .o n+1
fluz) =2j31<j<——
Case (ii) when n is even:

f(vzl_l)ZZl_l,].SlS

NS

n
fra)=2m+1-2i1<i<

n
flugjer) =2n—2j;1<i< >
n
fluy)=251<i< >
The induced edge labels are {1,1,2,2,...,n — 1,n — 1}

Hence G = B, © K; — e; is 2-Skolem difference mean for all n > 2.

Example 2.19: 2-Skolem mean labeling of the graphs Ps O K; — e; and P, O K; — e; in Fig. 9.

-11 -
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| 9 3 7 5
{
2 8 4 6
| 7 3 5
@
2 6 4
Figure 9

Definition 2.20: The 2-Skolem difference mean number 0,4, of a graph is defined as the minimum number
of isolated vertices which, when added to G result in a 2-Skolem difference mean graph. If no such number

exists, then g,54m (G) = oo.

-12 -
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Examples 2.21: 1.0544,,(C4) = 1.

. .
([
4
Lo ®
2 3
2.025am(K4) = 3.
3 7
o ) [
2 4 5
6 1

Definition 2.22: A graph G = (V,E) with p vertices and 2q — 1 edges is said to have relaxed 2-Skolem
difference mean labeling if it is possible to label the vertices x € V with distinct elements f(x) from the set
{1,2,...p} in such a way that the edge e = uv is labeled with M if |f(w) — f(v)| is even and

M if |f(uw) — f(v)| is odd, and the resulting labels of the edges are distinct and are from

{1,1,2,23,3,...q — 1,9 — 1, q}. A graph that admits Relaxed 2-Skolem difference mean labeling is called a
Relaxed 2-Skolem difference mean graph.
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