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ABSTRACT

Differentiation of a function f(x) with respect to a function g(x) is known as the ratio having numerator as the
derivative of fwith respect to x and having denominator as the derivative of g with respect to x. This definition is
modified as the limit of the ratio ((f(x)-f(s)/(g(x)-g(s)) when g(x) tends to g(s) in a meaningful way. Integration of a
function with respect a function of bounded variation is known as a Riemann-Stieltjes integral. The same approach
meant for Riemann-Stieltjes integrals is extended for more functions general than functions of bounded variation. These
extensions are achieved through a classification of functions which are well defined with respect a given function. More
precisely, a function f is said to be well defined with respect to g, when these functions have a common domain, if
f(x)=f(y) whenever g(x)=g(y). Continuity of a function with respect to a function is also discussed. It is observed that
this approach provides an approach that is easier than the existing ones. It is further observed that the definition of
functions well defined with respect to a given function can be extended to a definition of functions well defined with
respect to given two functions, and thereby the possibility for extending differentiation to partial differentiation and for
extending integration to joint integration with respect to several given functions becomes positive.
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1. INTRODUCTION

Ordinary usual differentiation is defined with respect a variable in the sense that derivative of a function
of a single variable is obtained with respect to that variable. Usual Riemann integration for a function is also

defined with respect to the variable for the function. This note is considered to discuss about differentiation

du
. . . . .. . du . . dx
and integration with respect to functions. This idea is a very old one. For example, — s considered as 4%

dx

when both u and v are functions of a common variable x. One may find such a derivative in derivations of
: : o : . b b
prey-predator equations. In connection with integration, one may find a relation fa fda = fa f)a'(x)dx

in connection with Riemann-Stieltjes integrals. So, such things are commonly known. But this note is to
review these ideas in a general way. For this purpose, functions f which are well defined with respect a given

. ) . d . .
function g are considered, and then only for such functions é and [ f dg are discussed. Even such functions

can be converted into ordinary functions, and then known results can be applied to these ordinary functions to
derive the results which are to be discussed in this note. But this note provides an exercise for a direct approach
rather than going for converted functions. Training in direct approaches provides easy applicability of the
theory.

2. FUNCTIONS WELL DEFINED RELATIVE TO A FUNCTION

Let us recall a definition for well defined functions. A function f is said to be well defined on its domain,
when f(x) = f(y) whenever x = y in the domain.

Definition: Consider two functions f:S — X and g: S = Y, having same domain. The function f is said to
be well defined on S with respect to g (or relative to g), if f(s1) = f(s,) whenever g(s;) = g(s,) in Y with
S1,52 € S. In this case, f is called a g-defined function.

Consider a g-defined function f given in the previous definition. Define a new function h: g(§) — X by
h(g(s)) = f(s),Vs € S. This is a usual well defined function. Verification: If g(s;) = g(s;), then f(s;) =
f(s3). Classical results can be applied to such functions h, and the results to be discussed in this note can be
derived. However, training will take place only for direct approaches for easy applicability of the theory.
Let us consider one example: Consider one vector space N and two of its vector subspaces N; and N, such
that N, € N; & N. Consider the natural quotient mappings f:S — X and g:S - Y with S = N,X = N/N;
andY = N/N,. Then f is a g-defined mapping. Define h:Y — X by h(x + N,) = x + N;. Then h is a well
defined mapping on Y = g(S).

If f(s) =coss and g(s) = sins, then f(s) is not a g-defined function, when S is the entire real line.

However, if § = [0, g], then f(s) is a g-defined function. This provides the importance of the specification

d(coss) _ d(V1-sin?s) _
d(sins) o d(sins) -

of the sets S. Let us see the following sequence of mathematical expressions.

1 .
Pismts 2 50S).
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To make these expressions as valid ones, it is known that the intervals in which s are varied should be
analysed. Instead of this analysis, it is being simple to find the sets S on which f(s) = coss is g-defined,
when g(s) = sins, and the simplicity gets justification after introducing differentiation relative to a given
function. Every differentiable function is a continuous function, when there are meaningful domain and co-
domain. Let us first discuss functions continuous relative to a function.

3. CONTINUITY RELATIVE TO A FUNCTION

This section is based on topology and uniformity. One may refer to the book “General topology” of J.L. Kelly
for these concepts.

Definition: Let (X, 7y) and (Y, Ty) be two topological spaces. Let f: S — (X,7x) and g: S — (Y, Ty) be given
two functions on a set S. Suppose f is g-defined on S. Then the function f is said to be continuous at a point
So in S (or at g(sy)), if for a given open neighbourhood U of f(s,) there is an open neighbourhood V of g(s,)
such that f (g"l(V)) C U. Also, f is said to be continuous on S (or on g(5)), relative to g, if for every U €

Ty, g( Y )) is open in g(§) with respect to the topology induced by 7y .

Remark: f is continuous on S relative to g if and only if f is continuous at every point of S, relative to g.

Verification: Suppose f is continuous on S. Fix s, € S, and an open neighbourhood U of f(sy). Let W =
g(f~r ). Let V€T, be such that Vng(s)=W. Then f(g~*(V)) =f(gt(W)) =
f (g_l (g(f_l(U)))) = f(f~Y(U)) = U N f(S) S U. This means that f is continuous at any given sy € S.
On the other hand, let us assume that f is continuous at every point of S, relative to g. Let U € tx. For each

s € S with f(s) € U, there is an open neighbourhood V) of g(s) such that f (g"l(Vg(s))) cU. LetV =
Ussyew Vo) N g(S). ThenV = g(F~1(1)).

Remark: Let 7, = {g~1(V):V € 1y}. Then f is continuous onS relative to g if and only if f: (S, 7g) = (X, Tx)
is continuous. If d is a metric on Y that defines the topology 7y, then define p (g"l(g(sl)), 9 (g (52))) =
d(y1,y2), with y; = g(s1),y2. = g(s,), on the collection of all sets of the form g‘l(g(s)). Then define

a(ty,t) =p (g"l(g(sl)),g‘l(g(sz))), when t; € g71(g(s;)) and when t, € g7*(g(s;)). Then o need
not be a metric. However, define open balls with respect to o, and then the collection of all possible union of
such open balls forms the topology 75. Since o is not a metric, in general, there is a need to go for topologies
apart from metrics.

Proposition: Suppose f:S — (X, 1x) is a g-continuous mapping, when g: S — (Y, ty) is a given mapping.
Let h: (X,tx) — (Z,15) be a continuous function with a topological space(Z,7;) as co-domain. Then the
composition mapping (h o f): S - (Z, 1) is a g-continuous function.

Proof: If g(s;) = g(s,), then f(s;) = f(s,) so that h(f(sl)) = h(f(sz)). That is, h o f is a g-mapping.
Moreover (ho f):(S,t5) = (Z,15) is a continuous mapping. So, (ho f):S = (Z,1;) is a g-continuous
function. It is also possible to derive the following result on continuity of “compositions”.
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Proposition:

(a) Suppose (S, T) is a topological group under +, s, € S is a fixed point, and if f: S - (X, Ty) is continuous
relative to g: S — (Y, 1y). If Y is a group under +, and g(s, + s) = y, + g(s),Vs € S, for some y, € Y, then
f1: (S, t5) = (X, tx) defined by fi(s) = f(sq +5),Vs €S, is g-continuous. If Y is a group under +, and
g(so—s) =y9—9g(s),Vs €S, for some y, €Y, then f,:(S,175) = (X,7x) defined by f,(s) = f(so —
s),Vs € S, is g-continuous.

(b) Suppose (S, Tg) is a topological vector space and c is a fixed scalar. Suppose f:S — (X, Ty) is continuous
relative to g: S = (Y, ty). IfY is a vector space and g(sy + ¢ ) = xo + ¢ g(s), then f3: (S,75) = (X, tx)
defined by f5(s) = f(sg + ¢ s),Vs € S is continuous relative to g.

(¢) Suppose f:S — (X,1x) is continuous relative to g: S — (Y, Ty). Suppose in addition that (S, ts) is a
topological algebra and y, is a fixed element in Y. If Y is an algebra and g(sy s) = yo g(s),Vs € S, then
fa: (S, 15) = (X, Tx) defined by f,(s) = f(sy 5),Vs € S, is continuous relative to g.

It is known that image of a connected (compact) topological space is a connected (compact) set under a
continuous mapping. This result can be modified in the following form.

Proposition: Suppose f:S = (X, tx) be continuous on S relative to g: S = (Y, 7y). If g(S) is a connected
(compact) set with respect to the subspace topology induced by Ty, then (f(S), Tx) is connected (compact).

This result will be used later along with the fact that the collection of all connected subsets in the real
line with the usual topology are the collection of all intervals, and with the fact that the closed and bounded
subsets of the real line are compact with respect to the usual topology. Let us now introduce uniform
continuity relative to a function.

Definition: Let (X, U) and (Y, V) be uniform spaces with uniformities U and V, respectively. Let 7y and Ty
be the topologies on X and Y induced by the uniformities U and V, respectively. Let f:S — X and g:S =Y
be given two functions on a set S and suppose as usual that f is g-defined. Let W be the uniformity on the
set S generated by the family {{(sl,sz): (g(sl),g(sz)) € V}:V € V}. Then f:S — (X,U) is said to be
uniformly continuous relative to g: S — (Y, V), if f: (S5, W) — (X, U) is uniformly continuous. Equivalently,
if for given U € U, there isa V € V such that {(f(sl),f(sz)): (g(sl),g(sz)) € V} cVU.

Let 7y, and 7y be the topologies on X, and Y induced by the uniformities U, and V, respectively. Then
it can be verified that 7 is the topology induced by the map g: S = (Y, 7y) on S, then this topology coincides
with the topology induced by the uniformity W, that has been mentioned in the previous definition. Moreover,
if f:S - (X, W) is uniformly continuous relative to g: S — (Y, V), then f: S — (X, tx) is continuous relative
to g: S — (Y, ty). This remark is quite essential in proving the next result with these notations.

Proposition: If f:S — (X, ty) is continuous relative to g: S — (Y, 1y), and if g(§) is compact with respect
to the subspace topology induced by Ty, then f: S — (X, U) is uniformly continuous relative to g: S = (Y, V).

This result will be used later for the real line with the usual uniformity and with the usual topology. The
uniform convergence in the next proposition is either on S, or on g(§), and moreover, “sequence” may also
be replaced by “net”.
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Proposition: Let f,: S - (X,7x),n = 1,2, 3, ... be a sequence of functions which are continuous at a point

sg, relative to g: S — (Y, 1y). Suppose that this sequence converges uniformly to a function f:S — (X, tx).

Then f: S — (X, ty) is also continuous at s,, relative to g: S = (Y, ty).

Corollary: Let f,:S > Rn=1,2,3, .., be a sequence of functions which are continuous at a point s,

relative to g:S — (Y,7y), when R is endowed with the usual topology. Suppose that the sequence
~.fi ,n=1,2,3,.., converges uniformly to a function f: S - R. Then f:S — R is also continuous at s,

relative to g: S = (Y, 7y).

4. DIFFERENTIATION WITH RESPECT TO A FUNCTION

Definition: Let f:S — R and g: S — R be two functions on a fixed set S, when the real line R is considered
with the usual topology. Suppose that f is a g-defined function. Fix sy € S. Suppose that every
neighbourhood of g(s,) contains infinitely many points g(s) in the range g(S). Then f is said to be
differentiable at g(s,) (or at s;) relative to g (or with respect to g), if there is a real number A such that

£5) = fs0) _
im ————=4
9(s)-g(s0) g(s) — g(sp)
g(s)#g(so)

F()=f(so)
9(s)=9g(so) A
lg(s) — g(sy)| < & in g(S). In this case, let us denote A as f9)(s,) and call it derivative of f at s, relative
to g (or with respect to g) (or, g-derivative of f at s;).

Note that, if g(s;) = g(sy), then f(s;) = f(sy) so that

in the sense that for a given &€ > 0, there is a § > 0 such that < &, whenever 0 <

f©=F(s) _ f)=f(s0)
9()=g(s1)  g()-g(so)’
not equal to 0. Thus, the phrase “differentiable at s, can also be used without ambiguity instead of the phrase

when the denominators are

“differentiable at g(s,)” in the previous definition. Similarly, it is also possible to replace f9)(sy) by
f(g)(g(so)). If £ (s) exists for every s € S, then f(9:S — R is also ag-defined function. The phrase “
f()=f(so)
9(s)—g(so)
following inequality: |f(s) — f(so)| < (& + A)lg(s) — g(sp)|, whenever |g(s) — g(so)| < &in g(S). This
proves that f is continuous at s,, relative to g, whenever f is differentiable at s, relative to g. Let us also

—A| < &, whenever 0 < |g(s) —g(sg)| <& in g(S)” in the previous definition implies the

observe that the condition that “every neighbourhood of g(s,) contains infinitely many points g(s) in the
range g(S)” is automatically satisfied when g(§) is an interval. Moreover, if g(sy) is an interior point in an
interval contained in g(S), then every neighbourhood of g(s,) contains infinitely many points of g(S) in the
left side of g(sy) and infinitely many points of g(S) in the right side of g(sy). This fact will be used to
establish that the relative derivative is zero at a point where a relative maximum (or minimum) is reached. It
is also possible to extend the definition to the functions g: S — (Y, ty), when (Y, Ty) is a topological vector
space over the real field instead of the functions g: S — R. It is also possible to extend the definition to the
functions g: S = C, when the complex field C is endowed with the usual topology, instead of the functions
g:S — R. But these two possible extensions will not be considered in this note. Let us discuss the following
example with this assurance.
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Example: Let S = R. Define g:S - R by g(s) = |s|,Vs €S. Consider f;:S — R given by f;(s) =

s2, Vs €S. If g(s;) = g(s,), then f1(s;) = f1(s,) so that f; is a g-defined function. Now, % =
52_02 _ |S|2 _

T |s|, for s # 0. Thus, if g(s) = g(0) (with s # 0), or if |s| - 0 with respect to the usual

topology of the real line, then fl(g ) (0) exists and it is equal to 0 of the real line. If sy # 0, and if |sy| # |s| #

f1(s)—f1(so) 52—55 |S|2—|So|2
0, the = =
O —gGe)  Tsi=Isel . IsI=Isol

= |s| + [so|. Thus, if g(s) = g(sy) or if |s| = |s,]|, then fl(g)(so)

exists and it is equal to 2|sy|, when s, # 0. In general, fl(g) (s) =2|s|,vs € S =R. Consider f,:S - R

given by f,(s) = /|s|, the positive square root of |s|, for every s € S. Note that f, is also a g-defined

: f2()=200) _ {Isl=/lo] _ 1 : f2()~f2(0)
function. Now, 4G9 — sl — e for s # 0. When g(s) = g(0) (with s # 0), PO

S0 thatfz(g)(O) does not exist. If s, # 0, and if |sy| # |s| # O,thean(S)_fZ(SO) = Ylsl=ylsol lszl_ %0 7 =
9(s)—g(so) Is1=Isol ( /’|s|) ~(/Tsol)
1

. Thus, for s # 0, fz(‘g) (s) = N exists. Note that f;(s) = (g(s))? and f,(s) = /g(s), for every
1
2Jg(sy’
It is possible to prove the following relations by using the arguments used in usual classical real analysis.

Proofs are omitted in view of the modified arguments used in the previous example.

+00

1

Is1++/1sol

s €S. Also, fl(g)(s) =29(s),Vs € S and fz(g)(s) =

forevery s # 0in S.

Proposition: Let S = R. Let g:S = R be any given function. Suppose that every neighbourhood of every
point in g(S) contains infinitely many points of g(§).

(a) For a given real number a, if f: § = Ris defined by f(s) = (g(5))%, Vs € S, then f9(s) = a(g(s))*?,
provided (g(s))% and (g(s))%* are meaningful.

(b) If f: S = R is defined by f(s) = sin(g(s)), Vs € S, then (9 (s) = cos(g(s)),Vs € S.

(©) If f: S = R is defined by f(s) = exp(g(s)), Vs € S, then f9(s) = exp(g(s)),Vs € S.

(d) In general, if for given real scalars ag, a;, a,, as, ... such that %1_{210 7i/|a—,1| = 0, a function f:S > R is
defined by f(s) = X% an(g(s))™, Vs € S, then £ 9 (s) = ¥, na,(g(s))* L, Vs € S.

However, the following two propositions and some more results may be required for the proof of the previous
proposition.

Proposition: Let g:S — R be any given function. Suppose f;:S = R and f,:S — R are differentiable at
Sp € S, relative to the function g: S — R. Then the followings are true.

(@) (f; + £,): S = Ris differentiable at 5o, and (f; + )@ (s,) = fl(g)(so) + fz(g)(so).

(b) (cf1):S — Ris differentiable at s, and (cf;)@ (s,) = ¢ fl(g ) (sy), for any real number c.

(©) (fuf): S = Ris differentiable at so, and (f1 )@ (s0) = £ (s0)fo(50) + fi (50) /5 (50).
(d) Suppose f,(sg) #0. Then (fi/f,):S— R is differentiable at s,, and (f;/f2)9(sy) =
£ (50)f2(50) = fi (50) £37 (o)

(fz (50))2
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Proof: Note that f; (s) — f1(sy) and f5(s) = f2(so) as g(s) = g(sy). Note further that every neighbourhood
of g(sy) contains infinitely many g(s). Also, if f,(sy) # 0, there is a § > 0 such that f,(s) # 0 whenever
lg(s) — g(sp)| < 6 in g(S). With these observations, one can verify the proposition by using the following
relations.

(fi+f2)(S)=(fi+f2)(S0) _ f1(s)=f1(s0) | f2(S)—f2(S0)

g(s)—g(so) 9(s)=g(so) g()—g(so)
(cf1)(s)—(cf1)(so) _ f1(s)—f1(so)
9(s)—-g(so) 9(s)—g(so)
(f1f2)(8)=(f1£2)(S0) _ 12(8)=f2(s0) f1(s)=f1(s0)
g(s)—g(so) =h () (g(S)—g(SO) ) + /2 (s0) (g(S)—g(SO) )
(f1/12)(8)=(f1/f2)(s0) _ 1 f1($)-f1(s0)) _ 12(8)=f2(s0)
9960 0)falo) [f 2(50) (g<s)—g<so) ) fi(s0) (9(5)—9(50) )]

Definition: Let g: S — R be any given function. Let f,,:S - R,n =1,2,3, ... be a sequence of g-defined
functions. Let f: S = R be another g-defined function. Let s, € S be a fixed point. The sequence of functions

fn is said to converge in quotient to fat s, or at g(s,), relative to g, if there is a neighbourhood U of g(s,)
fa($)=fa(so) _ f(s)—f(so)
9(s)=g(so)  g(s)—g(so)

such that for a given &€ > 0 there is an integer ny such that

g(so) # g(s) € U.

< g,Vn = ny whenever

Proposition: Let g: S — R be any given function such that every neighbourhood of every point in g(S)
contains infinitely many points of g(S). Let f,,:S = R,n =1, 2,3, ... be a sequence of g-defined functions.
Let f:S — R be another g-defined function. Let sy, € S be a fixed point. Suppose that the sequence of
functions f,, converges in quotient to fat s, or at g(s,), relative to g. Suppose that fn(g ) (so) exists, for every

n. Suppose that the sequence fn(g ) (so),n = 1,2,3, ... converges to a real number A. Then f9)(s,) exists and

fn(g)(so) - f(g)(SO), asn — oo,

Proof: Let U be a neighbourhood of g(sy) such that for a given &€ > 0 there is an integer n, such that
Tn(8)—fn(so) _ f£(s)—f(so)
9(s)-g(so)  g(s)—g(so)

< g,Yn = ng whenever g(sg) # g(s) € U. Letus fix € > 0 and the corresponding

ny having this property. Suppose further that the integer n, has been chosen such that| fn(g)(so) - A| <

fng (s) —fng (s0)

g,Vn = ny. Thereis a § > 0 such that
9(s)—g(so)

- fn(f) (So)| < ¢ and such that g(s) € U whenever 0 <

_ f($)—f(so) @ _ Fro ()= fno(S0) _ @ fro(s)-frg(so) _
19(s) = g(s0)| < 8. Now, 9(s)-g(so) A| = |fn° (50) A| + 9(8)=9g(so) frg (S°)| + 9(s)-9g(so)
% < & + ¢ + ¢ whenever g(s) # g(sy) and |g(s) — g(sg)| < &. This proves the proposition.
- 0

The conditions imposed in the statement of the previous proposition are satisfied by the power series functions
of the type f(s) = Yoo an(g(s))", Vs € S, which was discussed in an earlier proposition and therefore the
previous proposition can be applied while proving the result corresponding to those power series functions.
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Proposition: Let g:S — R be any given function. Suppose f;:S — R is continuous on S, relative to g.

Suppose fl(g )(so) exists at some point s, € S. Suppose that a real valued function f, is defined on an interval
I which contains f(S), and that f, is differentiable at f;(sy). If h(s) = f; ( fi (s)), Vs € S, then h is

differentiable at the point sy, relative to g, and h(9)(sy) = f, ( fi (50)) fl(g ) (so), where f, denotes the usual
derivative of f,.

Proof: Note that h is a g-defined function on S. Let ty, = fi(sg). Then f;(s)— fi(sy) =

(9() = 9(s0)) (AP (so) +uls)) and fo(t) = fo(to) = (¢ = t) (5 (to) + (1)), where s€ES,t€l,
u(s) > 0asg(s) » g(sg),and as v(t) > 0ast - t,. Lett = f;(s). Thent - t, as g(s) = g(sy), and

h(s) = h(so) = f2(£(9)) = fa(£i(s0)) = (A(8) = i(s0)) (1 (t) + v()) = (9(5) — g(50)) (A9 (s0) +

w()) (f(to) +v(®).  Thus, <52 = (£ (s0) +u(s)) (f1 (ko) +v(1).  Let g(s) = glso) to

conclude that h(9) (s,) exists and that h(9) (so) = £ (so) f3 (to) = £,9 (so) f2 (fi(50)).

Definition: Let g: S — R be any given function. Consider a g-defined function f:S — R. The function f is
said to be a non decreasing function relative to g, if f(s;) = f(s,) whenever g(s;) = g(s;) with s;,s, € S.
Similarly, one can define non increasing functions, strictly increasing functions and strictly decreasing
functions relative to g. The function f is said to have a local maximum at s, relative to g, if thereisan e > 0
such that if f(s) < f(sy) whenever g(sy) — & < g(s) < g(sg) + € in g(S). Similarly, one can define local
minimum (g-local minimum) at some point relative to g.

The next result is about derivative values for local maximum points and local minimum points relative to a
function.

Proposition: Let g:S — R be a given function on a set S. Suppose f:S — R be a g-defined function such
that £(9)(s,) exists and a g-local maximum exists for f at s,, for some point s, € S. Suppose further that for
every £ > 0, the intervals (g(so) — & g(so)) and (g(so), g(so) + €) contain infinitely many points of g(S).
Then £ (s,) = 0.

Proof: Fix &€ > 0 such that f(s) < f(sy) whenever g(sy) —e& < g(s) < g(sy) and whenever g(sy) <

f(s)=f(so) f(s)=f(so)
0 < EAS AT
g(s) < g(sg) + €. Then 769G = 76 aGe) = 0 whenever

g(sg) —e < g(s) < g(sp). If g(s) approaches g(sy) from right side of g(sy), then it is concluded that
f9(s,) <0, and if g(s) approaches g(s,) from left side of g(sy), then it is concluded that 9 (s,) > 0.
So, fW(sy,) = 0.

To avoid the assumptions of the type “for every &> 0, the intervals (g(so) —& g(so)) and

0 whenever g(sy) < g(s) < g(sp) + €, and

(g(sp), g(sg) + ¢€) contain infinitely many points of g(S)”, it is to be assumed in the remaining part that g(S)
contains intervals.

Convention: Let f be a g-defined function on a set S. Then f(g~1(y)) or f(g~*({y})) is a singleton subset
of f(S), forany s € S. These singleton subsets will be considered as single elements of f(S).
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Rolle’s mean value theorem: Let g: S — R be a given function on a set S such that [a, b] € g(S) for some
real numbers a and b satisfying a < b. Suppose f:S — R is continuous on [a, b] relative to g, and f is
differentiable on (a, b) relative to g. If f(g~(a)) = f(g~*(b)), then there is a s, € S such that £(9)(sy) =
0 and such that a < g(sy) < b.

Proof: If f(g7'(a)) = f(g71(b)) = f(s) whenever a < g(s) < b, then 9 (s) =0, whenever a <
g(s) <b. Iff(s) > f(g7 @) = f(g~ (b)), for some s € S satistying a < g(s) < b, then there is a 5o €
S such that a < g(sy) < b and such that f(s) < f(s,) whenever g(s) € [a, b]. In this case f9)(sy) = 0, by
the previous proposition. If f(s) < f(g™(a)) = f(g~1(b)), for some s € S satistying a < g(s) < b, then
there is a sy € S such that a < g(sy) < b and such that f(s) = f(s,) whenever g(s) € [a,b]. Again,
£@(sy) = 0, by the previous proposition. In all cases, there is a s, € S such that £f9)(s,) = 0 and such that
a< g(sy) <b.

Cauchy’s mean value theorem: Let g:S — R be a given function on a set S such that [a, b] € g(S) for
some real numbers a and b satisfying a < b. Suppose f1:S = R and f,:S — R are continuous on [a, b]
relative to g, and f; and f; are differentiable on (g, b) relative to g. Suppose f>(g~1(a)) # fo(g~ (b)) and

fz(g) (s) # 0, whenever a < g(s) < b. Then there is a s, €S such that a < g(s,) < b and such that

A7 ®)-A(971@)  £9(s,)
R(a710)-f(g71@) ~ £9(s)’

Proof: Let h(s) = [fi(g7'(®)) - fi(97*(@)]f2(s) = [f2(g7*®)) — f2(g7* (@)]fi(s). Then
h(g7rB) = fi(g7* 1)) (07 @) - fi(97 (@) f2(g72 (b)) = h(g™2(a)). By the Rolle’s mean value
Algr®)-A(s7 @)
" f2(971(0))-f2(971 (@)

theorem, there is a sy € S such that a < g(s,) < b and such that h9)(s,) = 0. That is

fl(g) (s0)
fz(g) (s0) '

Lagrange’s mean value theorem: Let g: S — R be a given function on a set S such that [a, b] € g(S) for
some real numbers a and b satisfying a < b. Suppose f:S — R is continuous on [a, b] relative to g, and f is
differentiable on (a,b) relative to g. Then there is a s, € S such that a < g(sy) < b and such that

U (9'1“’)2:/; (v7'@) _ F@(s,).

Proof: Take f; = f and f, = g in the previous theorem or take h(s) = [f(g7(b)) — f(g™ (@))]g(s) —
[b — a]f (s) in the proof of the previous theorem.
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L’Hospital’s rule: Let g: S — R be a given function on a set S such that (a,b) S g(S) for some a and b
satisfying —co < a < b < 0. Suppose f1:S = Rand f,: S — R are functions differentiable on (a, b) relative

to g. Suppose fz(g)(s) # 0 # f,(s), whenever a < g(s) < b. Suppose f,(s1) # f>(s;) whenever a <

(g)
g(s1) < g(s;) < b. Suppose further that (Q)E ; — A as g(s) » a. Assume further that

@ f1(s) = Oand f,(s) » 0as g(s) > a
or

(D) f2(s) » oo as g(s) —» a.

Then ;12 ; - Aas g(s) - a.

Proof: Let us first assume that —co < A < oo. Choose a real number q such that A < g. Choose another real

@
number r such that A < r < q. Then there is a point ¢ € (a, b) such that ; 1@&5; < r,whenevera < g(s) < c.
2 S

Ifa < g(s;) < g(s3) < c, then there is a point g(t) € (g(sl),g(sz)) such that

fi(s)—f1(s2) _ ffg)(t)

111 =
(I f(s)-fa(s2) 9

fi(s 2)
f2(s2) =
now (II) holds. Keeping s, fixed, let us choose ¢; € (a, g(sz)) such that f,(s;) > f,(s3) and f,(s1) >0

. f2(s1)—f2(s2) f1(s1) fz(Sz) fi(s2)
when a < g(s;) < c¢;. Multiply (IIT) by ey and get o) <r-— o +=—= 60

f1(s)
f2(s)

Suppose now (I) holds. Letting g(s;) — a, (IIT) implies that =—= < r < q when a < g(s,) < c. Suppose

whenever a <

g(s1) < c;. Then there is a point ¢, € (a, c;) such that =—— < g, whenever 0 < g(s) < ¢, and whenever

A<q.

Let us now assume that —o0 < A < +o00. Choose a point p such that p < A and find ¢35 such that p < ; 1E ; for

a < g(s) < c3. The result follows on combining all of them.

A generalized version of the Lagrange’s mean value theorem is the following Taylor’s theorem. Let us use
the notation f (9)° (so) for the second order derivative of f at s, relative to g, that is, the derivative of f(9) at
s relative to g, when it exists in the usual meaningful way. In general, let us use the notation £ " (s4) for
the n-th order derivative of f at s, relative to g, for any natural number n, with a convention that it is f(s,)
for the value n = 0.

Taylor’s theorem: Let g: S — R be a given function on a set S such that [a, b] € g(S) for some real numbers
a and b satisfying a < b. Let n be any natural number. Suppose f:S — R is a g-defined function such that

9, f @2 .. f (@™ exist and they are g-continuous on [a, b], and such that f(9" exist and g-continuous
on (a,b). Let a, B be two distinct point of [a, b] Let us use the notations as, B, for points in [a, b] satisfying
(0-’5) (

g(a,) = a,g(B,) = B. Define P(¢t) = Y12 (@) -

that £(8) = P(B) + LG (g — a)7 when g(x,) = x.

— a)*. Then there is a point x between a and /3 such

-08 -



World Scientific News 213 (2026) 99-106

Proof:

(I) Let M be the number defined by f(8) = P(B) + M(B — a)™.
(I1) Write f;(t) = f(t) = P(t) — M(t —a)™,whena <t < b.
By (I) and (II), it is true that

) £9" () = 9" () —n! M, whena < t < b.

Since P9 (@) = F @ () fork = 0,1,2, ...,n — 1, then fy (@) = £9 () = £9 (@) = - = £9" (@) =
0. By (I) and (II), f;(B) = 0. Therefore fl(g ) (x1) = 0 for some x; between a and f satisfying @ # x; # f3.
Since fl(g) (a) = 0, there is a x, between a and x; (@ # x, # x;) such that fl(g )z(xz) = 0. After n steps, it

is concluded that fl(g " (x,) = 0 for some x,, between a and x,,_;, so that x,, is between a and f satisfying
n - @"
a # x, # . Inthis case, by (I), f9" (x,,)) = n!M = n! [Lp(f) ,or, f(Bs) = P(B) + fT!(x”)(ﬁ —a)™.

B-a)
This proves the theorem.

daf

@211&119

f(s)4

Relative normal

Relative
Tangent

>g(s)

Figure 1. Relative differentiation.
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Let us observe Figure 1 for a geometric interpretation of differentiation relative to a function as tan of the
angle made by the curve for f relative to g. Let us always observe that arguments for proofs can never be
based directly on such figures.

5. INTEGRATION WITH RESPECT TO A FUNCTION

Let g: S — R be a given function on a set S such that [a, b] € g(S) for some a < b. Consider a g-defined
function f:S — R such that f (g"l([a, b])) is a bounded set. Let us say in this case that f is g-bounded on
[a, b]. Let P = {xq, x1, X3, ..., X } be a partition of [a, b] in the sense that a = xy < x; < X, < -+ < x, = b.
For each i =1,2,..,n, let M; = Sup,,  <g(s)<x,f(5) and m; = Infy,  <y(s)<x,f (). Define Ly(P,f) =

b b_
Yioami(x; — x;-1) and Uy(P,f) = X1 Mi(x; — x;-1).  Let [, f dg = SuppLy(P,f) and [,"f dg =
InfpUy (P, f). A partition P* of [a, b] is called a refinement of another partition P of [a, b], if P € P~. Let
us follow these notations and definition in the sequel. A visualization may helpful with the help of Figure 2.

b
ff dg = Shaded area

a

>

f(s)

g(s)

Figure 2. Relative integration.
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Proposition: If P* is a refinement of P of [a,b], then (i) Ly(P,f) < Ly(P",f), and (ii)

Uy(P*, ) < Ug(P, ).
Proof: It is enough to prove the result for the case that P* contains just one more point than the points in P.
Suppose that x* is the extra point and that x;_; <x* <x;. Write wy =Infy, <g)<x*f(8), wy =

Infir<g)<x, S () and m; = Infy,  <g(s)<x,f(8). Then Ly(P*,f) — Ly(P, f) = wi(x™ — x;_1) + wy(x; —
x*)—mi(x; —xi-1) = Wy —m)(x* —x;_1) + (wy, —m)(x; —x*) = 0. This proves the part (i). The
second part (ii) can be proved in a similar way.

Corollary: f:_f dg < f:'f dg.

Definition: Let us write f € R, over [a, b], when f: fdg = fab‘f dg, and let us write f;f dg for this
common value. Let us say in this case that f is Riemann integrable over [a, b], with respect to g, and let us

call f; f dg as the Riemann integral of f over [a, b] with respect to g.

Proposition: f € R, over [a, b] if and only if for every € > 0, there is a partition P of [a, b] such that: (I)
Ug(?!f) - Lg(?lf) < .

Proof: Suppose (I) holds. Then Ly(P, f) < f: fdg < f;’f dg < Uy(P,f) implies that 0 < f:‘f dg —

f: f dg < e. Since this is true for every £ > 0, it is concluded that f; fdg = f;‘f dg so that f € R, over
[a, b].
Conversely assume that f € R, over [a,b]. Let € > 0 be given. Then there is a common partition P for

[a, b] such that Uy(P, ) — [, f dg < Zand [} f dg — Ly(P,f) <=. In this case Uy(P, f) = Ly(P,f) <
E.

Remark: If Uy(P,f)—Ly(P,f) <e, then for any partition P*, which is a refinement of P =
{x0, X1, X2, ., X}, then  Ug(P*, f) —Lg(P*, ) S Uy(P,f) — Ly(P,f) <, |Z?=1f(si)[xi —X;_q] —
f;_f dg| < & and

m; < f(s;) < M;. So, the following proposition is true.

ol — xi21] — f:‘f dg| < g, for any s; satisfying x;_; < g(s;) < x;, when

Proposition: f € R, over [a, b] if and only if there is a common real number a such that for any given € > 0,

there is a partition P = {xg, X1, X5, ..., Xp} of [a, b] such that |¥7, f(s))[x; — x;_1] — a| < &, for any s;

satisfying x;_; < g(s;) < x;. In this case, the common number a = f: fdg.

Proposition: If f is (uniformly) continuous on [a, b] relative to g, then f € R, over [a, b].
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Proof: Let € > 0 be given. Let us choose 1 > 0 such that (b — a)n < €. Since f is uniformly continuous,
there is a § > 0 such that |f(s;) — f(s,)| < n, whenever |g(s;) — g(s;)| < & and g(s,),g(s,) € [a,b]. If
P = {xg, X1, X3, ..., X} is a partition of [a, b] such that x; — x;_; < §,Vi, then M; —m; <n,Vi so that
Ug(P,f) = Ly(P,f) < ¥iLinlx; — x;_1] = n(b — a) < &. This proves the result.

Proposition: If f is continuous on [a, b]\A, relative to g, when A is a finite set, then f € R,.

Proof: Cover the set A by means of finitely many open intervals whose total length is less than any desired
positive number. Include the end points of these intervals as two successive points in a partition P considered
for Uy (P, f) — Ly(P, f) in the previous proof. A modified argument of the previous proof may be considered

for the complement of the union of these open intervals along with g-boundedness of f on the open intervals.
Such a modification leads to a proof.

Proposition: Suppose f € R, over [a,b] and m < f(s) <M whenever a < g(s) < b. Suppose ¢ is a
continuous real valued function on [m, M]. Let h(s) = @(f(s)) whenever a < g(s) <b. Then h € R; on
[a,b].

Proof: Let € > 0 be given. Since ¢ is uniformly continuous on [m, M], there exists a § > 0 such that § < ¢
and such that |¢@(s) — @(t)| < € whenever |s — t| < § and s,t € [m, M]. Since f € R, there is a partition
P = {Xq, X1, X3, ..., X} Of [, b] such that Uy(P, f) — Lg(P, f) < 8. Let m; = Infy,  <g(s)ex,f(8), M| =
Infy,  <g()<x;1(s), and M; = Supy,  <g(s)<x,f (), Mj = Supy,  <g(s)<x;h(s), for every i. Divide the
numbers i = 1, 2, ..., n into two classes: i € Aif M; —m; < §;i € Bif M;—m; > 8. Fori € A, M —m; <
e. For i€B, M —m;j < 2K, where K =Sup{lo(®)m<t<M}. Then 6X;ecp(x; —x;_1) <
Yies(M; —m;_1) (x; — x;_1) < 87 so that ¥;ep(x; — x;_4) < 8. It follows now that U, (P, h) — Ly(P, h) =
YiealM] —mi)(x; — xi-1) + Xieg(M] —mp)(x; — x;-1) < €(b —a) + 2Ké < (b — a + 2K).

Corollary: If f € R, then f2 € R, and |f| € R, on [a, b].

Remark: The followings are true by considering a common interval [a, b] of g(S§).
(@) If f1, f, € Ry, then f; + f, € R, and Af € R, for any real number A. Also f:(fl + f,) dg = f; fidg +

2 f,dg and [ (Af) dg = A, f, dg.

O If fi, f € Ry and if f; < f, on [a, b], then [ f, dg < [ f, dg.
(c)If f € Ry on [a,b], then f € R, on [a,c] and f € R, on [c, b], for any ¢ € (a, b).

() If f € Ry and |f] < M on [a, b], then | [}, f dg| < M(b - ).
(e) If f1, /2 € Ry, then fif, € Ry, because 4f;f, = (f1 + )%= (fi — f2)%
(D If f € Ry, then |[7f dg| < []If| dg. For,let c =21 be such that c [, f dg > 0. Then |f f dg| =

c[lfdg=1[ cfdg<[fldg.
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Proposition: Let f € R, on [a,b]. Fora <x < b, and for g(t) = x, let F(t) = f;f(s)dg(s). Then F is
continuous relative to g on [a, b]. If f is continuous at a point s, with a < g(sy) < b, relative to g, then F
is differentiable at sy, relative to g, and F(9(sy) = f(so).

Proof: If a<x; <x,<b, g(t;) =x;, and g(t,) = x,, then |F(t;) —F(t})| =

[ f(9)dg(s)| <
M(x; — x1), when M = Supg<g(s)<plf(s)|.  So, F is uniformly continuous on [a, b]. Now, suppose f is
continuous at x, € [a, b] relative to g, and let g(sy) = x,. Given &€ > 0, choose § > 0 such that
|f(s) — f(sg)| < € whenever |g(s) — g(sg)| < & with g(s),g(sy) € [a,b]. Hence, if xy — 6 < g(s) <
Xo < g(t) < x0+ 6, g(s) # g(t), g(s) € [a, b], g(¢) € [a,b], and if x = g(s), y = g(t), then |F“)‘F(”

a(-g(s)
| (ran-f(xe) du
f (x°)| GRS

< e. It follows that F9 (x) = f(x,).

Theorem: If f € R, over [a, b] S g(S), and if there is a differentiable function F on [a, b] such that F @) =
b
f,then [ f(s)dg(s) = F(b) — F(a).

Proof: Let £ > 0 be given. Choose a partition P = {xg, Xy, ...., X, } of [a, b] such that U, (P, ) — Ly(P, ) <
€. The Lagrange mean value theorem furnishes points y; € [x;_1,x;] such that F(x;) — F(x;—1) =
f@x —xi-4]. Thus,  Xio; f(t)[x; — x;-1] = F(b) — F(a). Therefore, [F(b) — F(a) —

f:f(s)dg(S) < ¢, for every € > 0.
6. OTHER DIRECTIONS

An initial value problem takes the form: Find a g-function f:S — R satisfying % =F(g(s),f(s)) and

satisfying f(so) = ¢ (or, f(g(se)) = ¢). Here g:S - R is a given function, f:S - R is an unknown g-
function that needs to be found, F: (g(S) X R) —» R is a given function, s, € S is a given point, and c is a
given constant. The following is the equivalent integral equation problem. Find a g-function f:S — R

satisfying f(s) = ¢ + fgg}(s?) F(g(t), f(t)) dg(t). The following relation provides Picard’s iteration formula.
for1(S) =c+ ;((S?)F(g(t),fn(t)) dg(t), for n =0,1,2,.., with fy(s) =c,Vs. The Euler’s method is

given by f(si11) = f(s) + hF(g(s;), f(s1)) when g(s;41) = g(s) + h, i = 0,1,2, ..., is satisfied with h >
0. One may try to derive an existence of solution to the initial value problem under suitable conditions, by
using Euler’s method and by using Picard’s iteration method.
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The following relative concepts can be considered in connection with partial differentiation, partial integration
and joint integration. Let S=5; XS, X ..X S, X=X, XX, X..XX,, and Y =Y; XY, X ..XY,,.
Consider g:S - Y in the form g(s;,52, ..., Sm) = (gl(sl),gz(sz),...,gm(sm)) with g;:S - Y;, for i =
1,2,...,m. Consider f:S — X in the form f(sy, S5, ..., Sm) = (fl(s),fz(s), ...,fn(s)) with fj: S = X; for j =
1,2,..,nand s = (sy, Sy, ..., Sm). Suppose f is a g-defined function. That s, if s; = (S11,S12, «+» S1m)»> S2 =
(521,822, s Sam) in S, and if g;(sy;) = g(sy;), for all i =1,2,..,m, then f;(s;) = fj(s;), for all j =

1,2,..,n. If  so=0(So1,S02-»Som) and if g;(s) =g;(t) for some i, then
g(so,l,so,z, e 80,i=1) S S0,i+1s ...,so,m) = g(so,l,so,z, vy S0,i—1, ) S0,i+1, ...,so,m) SO that
£ (S0,1,S0.2> ++S0,i-1, S, Soi41 +»Som) = F(S0.1, 0.2 ++»S0,i=1> £ S0,i41s +++» So,m) and hence
fj(so,l,so,z, e S0i=1,S,S0,i+1, ---’SO,m) = fj(so,l,so,z, s S0i-1, £ S0 i+1/ ---:So,m), for every j. Thus, if X; =
=X, =Y, ==Y, =R, onecan deﬁne%(so,l,sojz, w1 S0i-1, 6 S0 i+1» ---rSO,m) as the limit of the ratio

f(5Q1502uuSoj—pSSoj+1n~$onn)—f(smlﬁozvnﬁoi—pt50j+1nwsmnﬁ

5.5 -0:) as g;(s) = gi(t) with g;(s) # g;(t).
Suppose X; ==X, =Y, ==Y, =R and [; = [a;, b;] € 9:(5;),Vi =1,2,...,m, when q; < b;,Vi.
Suppose further that §; = §; = -+ =8, and g; = g, = --* = g, s0 that f; is a g;-function Vi,j. Let [ =

[T, [;. Partial integration f:_i fj(s1,...,5m) dg; is obtained as an ordinary g;-integration by keeping

S1,S2, ey Si—1,Si+1, - Sm as fixed and by varying g;(s;) over [a;, b;]. This partial integration becomes a
function of g1 (s1), -+, 9i—1(Si=1), 9i+1(Six1)s -» Gm (Sm). Now, one can define flf dg as an element of R™

with j-th component as f:ll (f:; (fb"_l (f;"fj dgn) dgn_l) dgz) dg, in terms of partial integrations,

an-1
without referring to measure theory.
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