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ABSTRACT

The object of this paper is to propound the notion of picture fuzzy subgroupoids and picture fuzzy ideals along with
its example. Following the conception of picture fuzzy subgroupoids and picture fuzzy ideals as introduced, we have derived
several appealing and interesting results from them.
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1. INTRODUCTION

Nearly sixty years have elapsed since a researcher initiated a new notion in the realm of the mathematical
world called fuzzy set (FS). After a gap of 21 years, researchers observed that when there is a membership value,
then a non-membership should also exist, which leads to the surfacing of an intuitionistic fuzzy set (IFS). IFS
deals with two kinds of membership functions referred to as membership and non-membership, whose sum always
lies in [0,1]. IFS is treated as more general than the FS. Researchers were engrossed in further development of
the theory by thinking that when there are membership and non-membership, then a neutral value should also be
there, and this leads to the development of a picture fuzzy set (PFS). It was propounded by Cuong and Kreinovich
[8]. It revolutionized the extensions of work done in fuzzy algebraic structures and intuitionistic fuzzy algebraic
structures. The fuzzification of picture fuzzy algebraic structures was introduced by Dogra and Pal [10,11,12,13],
and then the notion of picture fuzzy subring (PFSR), picture fuzzy subgroup (PFSG), picture fuzzy subspace, and
picture fuzzy sub-hyperspace came into existence along with some interesting results.

In this paper, we wish to propound the conception of picture fuzzy subgroupoids and picture fuzzy ideals.
Additionally, on these newly introduced notions, we have derived some interesting and appealing results over all
of them.

* Corresponding author

2. PRELIMINARIES

Definition 2.1. ([24]) For any universe X, a FS P over X is defined as P = {(b, tp(b): b € X}, where 1p: X —
[0,1]. The value 7p(b) represent the membership degree of the element b € X.

Definition 2.2. ([1]) For any universe X, a IFS P over X is defined as P = {(b, tp(b),9p(b): b € X}, where
tp(b) € [0,1] represent the membership degree of the element b € X, Jp(b) € [0,1] represent the non-
membership degree of the element b € X with the condition 0 < 7p(b) + 9p(b) < 1 forall b € X.

Here, H,(b) =1 — (TP (b) + 9p (b)) is called the degree of hesitancy of b € X, which excludes the membership
degree and non-membership degree.

Definition 2.3. ([8]) For any set of universe X, a PFS P over X is defined as P = {(b, Tp(b),9p(b),np(b): b € X},
where 7p(b) € [0,1] represents the degree of positive membership of the element b € X, 9p(b) € [0,1] represents
the degree of neutral membership of the element b € X and np(b) represent the degree of negative membership
of the element b € X with the condition 0 < 7p(b) + 9p(b) + np(b) < 1 forall b € X.

Here, H,(b) =1 — (‘L’p (b) +9p(b) + 1np (b)) is called the degree of refusal membership of b € X.
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Definition 2.4. ([8]) Let P; and P, be two PFSs of X. Then the union of P; and P, is defined as P; U P, =
{(b, Tp,upP, (b), Up,up, (b), Mp,up, (b):b € X}, where Tp,uP, (b) = maX{TP1 (b), Tp, (b)}a Up,up, (b) =
min{ﬁpl (b), Up, (b)} and 1p, yp, (b) = min{UP1 (b), Np, (b)}

Definition 2.5. ([8]) Let P; and P, be two PFSs of X. Then the intersection of P; and P, is defined as P, N P, =
{(b’ Tpynp, (0D, p,np, (b), Mp,np, (b): b € X}, where Tp,np, (D) = min{rpl (b), Tp, (b)}, Up,np,(b) =
min{ﬂpl (b), 9p, (b)} and 1p, np, (b) = maX{UP1 (b),np, (b)}

Definition 2.6. ([22]) A FS Pof the group G be referred to as a fuzzy subgroupoid if 7p(bn) =
min{z,(b),7,(n)},V b,ninG.

Definition 2.7. ([22]) The FS P of a group G be referred to as a fuzzy subgroup (FSQG) if
(D) tp(bn) = min{rp(b),tp(n)},V b,nin G
(D) 7p(b™Y) = 7p(b),V binG

Definition 2.8. ([4]) Let P = {(b, 7p(b), 9p(b): b € G} be an IFS of the group G, where T, and 9, are

membership and non-membership functions respectively. Then, we call P an intuitionistic fuzzy subgroup
(IFSG) of G if

() tp(bn) = min{rp(b),7p(M)},V b,n € G
) tp(b™Y) = 1p(b),Vb EG

(I11) 95 (bn) < max{dp(h),9»(M)}, ¥V b,n € G
(IV) 9p(b™1) < 9p(b), Vb EG

Definition 2.9. ([16]) Let P = {(b,7p(b),9p(b):b € G} be an IFS of the groupoid G, where 7, and ¥, are

membership and non-membership functions respectively. Then, we call P an intuitionistic fuzzy subgroupoid of
G if

(I) tp(bn) = min{rp(b),7p(n)},Vb,n € G
(ID) 9p(bn) < max{9p(h),9p(n)},V b,n € G

Definition 2.10. ([11]) Let C be a group and P = {(b, tp(b),9p(b),np(b): b € C} be a PFS in C. Then, the PFS
P be referred to as the PFSG of C if the following axioms are satisfied:

() 7p(bn) = min{zp(b), 7p (M)}, Ip(bn) = min{dp(b), 9p(n)}, np(bn) < max{ne(b),np(W)}, Vv b,n € C

() 7o(b™) = 74 (b) , 9o (b™) = 9, (b), 1e(b™Y) < p(b), Vb € C



World Scientific News 210 (2025) 4-10

Definition 2.11. ([10]) Let f: C; - C, be amapping and Q = (7g, 9, ") be a PFS in C;. Then the inverse
image of Q under the map f is the PFS f~1(Q) = (Tf—l(Q), If-1(g)» T]f—l(Q)), where 7;-1()(b) = 17 (f(b)),
9109y (b) = 9o(f (b)) and 1 p-1(g)(b) = no(f (b)) forall b € C;.

Definition 2.12. ([10]) Let f: C; = C, be an onto homomorphism and Q = (7,99, 7o) be a PFS in C; . Then,
the image of Q under the map f is the PFS f(Q) = (Tf(Q),ﬁf(Q), nf(Q)), where T7()(b) = aef 1(b) 1o(a),

ﬁf(Q) (b) aEf 1(b) 19Q (a) and T’f(Q)(b) aEf 1(b) T]Q (a) Vbe Cz

In the coming section, we will introduce the concept of picture fuzzy subgroupoids and picture fuzzy ideals in
the domain of PFS.

3. PICTURE FUZZY SUBGROUPOIDS AND IDEAL

Definition 3.1. Let C be a groupoid and P = {(b, Tp(b),9p(b),np(b):b € C} be a PFS in C. Then, the PFS P be
referred to as the picture fuzzy subgroupoids of C if the following axioms are satisfied:

(D) tp(bn) = min{rp(b),7p(n)},Vb,neC
(D) 9p(bn) = min{Ip(h),9p(n)},V b,n € C
(IH) T’P(bn) = maX{TIP(b); T’P(n)}a v b,n €C

Example 3.1. Let C = (R,") be a groupoid and P = {(b, tp(b),9p(b),np(b):b € C} be aPFS in C
characterised by

0.8, x=0
Tp(x) = {0 7, otherwise

0.9, x=0
Op(x) = {0 8, otherwise

0.2, x=0
np(x) = {0.3, otherwise

Here, 7p(bn) = min{zp(b), 7p(n)}, 9p(bn) = min{dp (), 9p(n)} and np(bn) < max{np(b),np(n)}, Vv b,n €
C. Thus, P is the picture fuzzy subgroupoids of C.

Definition 3.2. Let C be a groupoid and P = {(b, 7p(b),9p(b),np(b):b € C} be a PFS in C. Then, the PFS P be
referred to as

(I) picture fuzzy left ideal (PFLI) of C if 7p(bn) = 1p(n), 9p(bn) = 9p(n) and np(bn) < np(n),v b,n € C.

(ID) picture fuzzy right ideal (PFRI) of C if 7p(bn) = tp(b), 9p(bn) = 9p(b) and np(bn) < np(b), V b,n €
C.

(IT) picture fuzzy ideal (PFI) of C if it is both PFLI and PFI.

-4-
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It is clear that P is an PFI of C iff tp(bn) = max{tp(b), tp(n)}, 9p(bn) = max{Ip(h),9p(n)}

and np(bn) < min{np(b),np(n)}, Vv b,n € C. Moreover, PFI (left or right) is picture fuzzy subgroupoids of C.
Note that for any picture fuzzy subgroupoid P of C we have tp(b™) = 1p(n), 9p(b™) = 9p(n) and np(b™) <
np(n) V b € C, where b™ is any composite of b’s.

Remark 3.1.

(I) IfaPFS P = {(b,1p(b),9p(b),np(b): b € C} is a picture fuzzy subgroupoid of C, then tp(b), 9p(b) and
n°,(b) are fuzzy subgroupoids of C.

(I) If a PFS P = {(b, 7p(b), 9p(b),np(b): b € C}is a PFI (PFLI or PFRI) of C, then 75 (b), 9p(b) and n°,(b)
are fuzzy (left or right) ideal of C.

Theorem 3.1. Let C be a groupoid and P = {(b, Tp(b),9p(b),np(b):b € C},Q = {(b, 19(b),99(b),ne(b):b €
C } be two picture fuzzy subgroupoids of C. Then P N @ is a picture fuzzy subgroupoid of C.

Proof: Let PN Q = W = {(b, tyy(b), 9y (b),nw(b):b € C}, then Ty, (b) = min{rp(b),TQ (b)}, Iy (b) =
min{ﬂp (b), 9 (b)} and ny, (b) = max{np (b),mg (b)} V b € C. Since P and Q are picture fuzzy subgroupoids of
C, therefore

(I) 7p (bn) = min{zp(h), 7p(n)} and 7o (bn) = min{zy(b),79(n)},V b,n € C
(1) 9p(bn) = min{Yp(b),9p(n)} and I, (bn) = min{Iy(b), 9o (M)}, V b,n € C
(I np(bn) < max{np(b),np(n)} and ng(bn) < max{ny(b),ne(n)}, v b,n € C
Now V b,n € C, we have
Ty (bn) = min{zp(bn), 7o (bn)}

> min{min{zp (b), 7p ()}, min{zy (b), 7o (1) }}

= min{min{zp(b), 7o (b)}, min{zp(n), 7o, () }}

= min{ty (b), Tw (W)},
Iy (bn) = min{9p(bn), 9, (bn)}

> min{min{¥5 (), 9p(n)}, min{9, (b), 9, (n)}}

= min{min{¥p(b), 9, (b)}, min{I,(n), 9, (n)}}

= min{dy, (b), 9, (n)},
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and

nw (bn) = max{iy (bn), 10 (bn)}
< max {max{7p (b), 1p (n)}, max{ng (b), no (n)}}
= max {max{np(b),1q (b)}, max{np(n), ne(n)}}

= max{ny (b),nw (n)}

Hence, W = P N Q is a picture fuzzy subgroupoid of C.

Theorem 3.2. Let C be a groupoid and P = {(b, tp(b),9p(b),np(b):b € C},Q = {(b, 19(b),99(b),ne(b):b €
C } be two picture fuzzy (left or right) ideals of C. Then P N Q is a picture fuzzy (left or right) ideal of C.

Proof: Let PN Q = W = {(b, tyy(b), 9y (b),nw(b):b € C}, then Ty, (b) = min{rp(b),TQ (b)}, Yy (b) =
min{9p(b), 9, (b)} and 0y, (b) = max{np(b),ne(b)} vV b € C. Let P and Q are PFLI of C, thenV b,n € C

Ty (bn) = min{z,(bn), 74 (bn)}
> min{zp(n), 7o (n)}
= 1w (1),

9w (bn) = min{9p(bn), 9, (bn)}
> min{9p(n), 9, (n)}
= dy (1)

and

nw (bn) = max{np(bn), ne (bn)}
< max{n,(n),no(n)}
= (1)

Hence, W = P N Q is a PFLI of C. By following the same footsteps, we can show that the intersection of two
PFRI is a PFRIL

Theorem 3.3. Let C be a groupoid and P = {(b, tp(b),9p(b),np(b):b € C},Q = {(b, 79(b),99(b),ne(b):b €
C } be two picture fuzzy (left or right) ideals of C. Then P U Q is a picture fuzzy (left or right) ideal of C.
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Proof: Let PU Q =W = {(b, Ty (b), 9y (b),ny (b): b € C}, then Ty, (b) = max{rp(b),rQ(b)}, Yy (b) =
min{ﬂp (b), 9 (b)} and ny, (b) = min{np (b),mg (b)} VbeC. Let Pand Q are PFLI of C,thenV b,n € C

Ty (bn) = max{tp(bn), 7o (bn)}
> max{r,(n), 7o (n)}
=1y (n),

9y (bn) = min{9,(bn), 9, (bn)}
> min{9p(n), 9, (n)}
= 9y (n)

and

nw (bn) = min{np (bn), ne (bn)}
< min{np (n), no (M)}

= nw(n)

Hence, W = P U Q is a PFLI of C. By following the same footsteps, we can show that the union of two PFRI is
a PFRL

Theorem 3.3. Let C; and C, be two groupoids. Let f: C; = C, be an onto homomorphism. Then we have that
(D) if Q = (7,9, Ng) is a picture fuzzy subgroupoid of C,, then f~1(Q) is a picture fuzzy subgroupoid of C;
(IT) if P = (7p,Yp, np) is a picture fuzzy subgroupoid of C;, then f(P) is a picture fuzzy subgroupoid of C,.

Proof: (I) Let £~2(Q) = (tp-1¢y, 95100 M-1(q) )» Where T4-10y(b) = 7o (f (D)), 9519y (b) = 9o(f (b)) and
Nr-10)(B) = 1(f (b)), V b € C;. Then V b, n € C;, we have

(1) Tp-1(9)(bn) = 7o (f (bn))
= 7o(f (D) (M)
> min{zo (f (b)), 7o (f ()]
= min{zy-1(g)(b), 74-1¢) (M)}

i.e., Tp-1(g)(bn) = min{rf—1(Q) (b), T-1(g) (n)}
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Similarly, 9-1y(bn) = min{d-1 gy (b), 9-1gy (M)} and 741y (bn) < max{n-1(g)(b), N1 (M)}
Therefore, f~1(Q) is a picture fuzzy subgroupoid of C;.
(IT) Similar to proof of part (I).
Theorem 3.4. Let C; and C, be two groupoids. Let f: C; — C, be an onto homomorphism. Then we have that
(D) if Q = (7g, 99, M) is a PFLI of C,, then f~1(Q) is a PFLI of C;
(IT) if P = (7p,Yp,np) is a PFLI of €y, then f(P) is an PFLI of C,.
(1) if Q = (g, 99, M) is a PFRI of C;, then £~ (Q) is a PFRI of C;
(IV)if P = (tp,9p,np) is a PFRI of C;, then f(P) is an PFRI of C;.

Proof: Let f1(Q) = (Tf—l(Q),ﬁf—l(Q),nf—l(Q)), where Tf—l(Q)(b) =1, (f(b)), ﬁf—l(Q)(b) = 9, (f(b)) and
-1y (b) = 1o (f (D)), ¥ b € C;.

(I) Let Q = (19,9, nq) is aPFLI of C;, then V b,n € C;
1) (bn) = 7o (f (b))
= 1o (F(B)f ()
= 7o(f(n))
=T
i.e., Tp-1(q)(bn) = Tp-1(9)(n)
Similarly, §¢-1(gy(bn) = 9-1(g)(n) and 1¢-1(g)(bn) < np-1(y(n)
Therefore, f~1(Q) is a PFLI of C;.

By following the same footsteps, we can show that the remaining parts of the results also hold good.

4. CONCLUSION

Following the notions introduced in this paper, we can extend the results in several directions under the
umbrella picture fuzzy set and picture fuzzy groupoid to erect a bigger structure.
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