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ABSTRACT

Let G = (V, E) be a simple graph. Let e € E(G). The strong independent edge saturation number
of an edge e is defined as 1°¢(e) = max { |S|:S is a maximal strong independent edge dominating set of
G containing e}. The Strong independent edge saturation number of the graph G is defined as 1°¢(G) =
min {I°¢(e): e € E(G)}. In this paper the strong independent edge saturation number of some standard
graphs and some corona related graphs are determined.
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1. INDRODUCTION

Let G = (V, E) be a simple graph. The degree of any vertex u in G is the number of edges
incident with u and it is denoted by deg u. The degree of the edge uv =degu + degv - 1 [7].
A subset S of V(G) is called the dominating set if every vertex in V — S is adjacent to at least
one vertex in S. The domination number y(G) is the minimum cardinality of a dominating set
of G [8,9,11]. A subset D of E(G) of a graph G is called an edge dominating set if every edge
in E - D is adjacent to atleast one edge in D. The edge domination number y” (G) is the
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minimum cardinality of an edge dominating set of G [5,13]. An edge dominating set which is
independent is called an independent edge dominating set [2]. An edge e strongly dominates
another edge f if e and f are adjacent and deg e > deg f. An edge dominating set D of G is called
a strong edge dominating set if for every edge ei in E — D, there exists an edge e; in D such that
e;strongly dominates e; [1,12]. A strong edge dominating set of G which is also independent is
called an strong independent edge dominating set of G [1,10]. The minimum cardinality of the
independent strong dominating set of G is called an independent strong domination number of
G. Domsaturation number of a graph was introduced by Archarya [3,6]. The domsaturation
number of a graph G is defined to be the least positive integer k such that every vertex of G lies
in a dominating set of cardinality k. The concept of independence saturation number of graph
was introduced by Arumugam and Subramanian [4]. Let IS (v, G) denote the maximum
cardinality of an independent set in G which contains v. Then IS (G) = min{IS (v, G):v € V} is
called the independence saturation number of G [4,5].

DEFINITION 1.1: The wheel graph W, is defined to be the graph K1 + Cn.1.

DEFINITION 1.2: The bistar graph is the graph obtained by joining the centre vertices of two
copies of Kyn by an edge and is denoted by Bn .

DEFINITION 1.3: The corona G1 © G2 of two graphs Giand Gz is defined as the graph G by
taking one copy of Gi(which has p points) and p, copies of G2 and then joining the i point of
G to every point in the i copy of Go.

2. MAIN RESULT

DEFINITION 2.1: Let G = (V,E) be a simple graph. Let e € E(G). Let I°¢ (e) = max
{|S: S is a minimal strong independent edge dominating set of G containing e|}. The
strong independent edge saturation number of graph G, denoted by 1°¢ (G) is defined as I°¢ (G)
=min {I*¢(e):e € E(G)}.

REMARK 2.2: Suppose e € E(G) is not contained in any strong independent edge dominating
set of G.Then I5¢(e) = 0. Hence I5¢ (G) = 0.

EXAMPLE 2.3: Consider the following graph G
E(G) = {91: 32,93,94,35,36,97}
dege; =2,deg e, =3,deg e3=3,dege, =3,deg es = 3, deg e; =2, deg e, =2.

Si1= {ez, es} , 2 ={e3, es} , Sz = {84‘ e, e6} and Ss = {64_ ey e7} are minimal strong
independent edge dominating sets of G. |S;| = |S,| =2 and [S53| =|S,] =3.

Sz and Sscontain e;  Therefore 1°¢ (e;) = 3. S1 contains e, and hence 1°¢ (e;) = 2.
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Sz contains e; . Therefore 1°¢ (e;) = 2. Szand S4 contains e,  Therefore I5¢(e,) = 3.
Si1and Sy contain es. Therefore 1°¢ (es) = 2. Ss contains e . Therefore 1°¢ (eg) = 3.

Sacontains e; . Therefore I5¢ (e;) = 3. Hence [5¢(G) =min {2,3} = 2.

€4
€2 €3 es
€1
e e
Figure 1
EXAMPLE 2.4: Consider the following graph G
e e e
3 ‘ 4 . 5
el 62 e6 e7
Figure 2

In the above graph G, E(G) = {e;, e, es e, es, e e}
dege; =dege, =deg es, =deg e, =2, deg e; =deg e =3 and dege, = 2.
{eg, e5} is the unique strong independent edge dominating set of G.

1°¢ (e3) = I°¢ (es) = 2. Since no other strong independent edge dominating set of G exists,
1°¢ (e;)=0,i=1,2,4,6,7. Hence I°¢(G)=min{0, 2} =0.

REMARK 2.5:
Let G be a graph with |V (G)| =4 and |E(G)| = 3.

If there is a unique strong independent edge dominating set, then 1°¢ (G) = 0.
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THEOREM 2.6:

Let P be the path with n vertices.

1 ifn=23and0ifn=4
¢ (Pn) = nT_l if n >5andnisodd
n-—2

. if n > 6andniseven

Proof: Let V(G) ={v,, vy, ... v, }and e; = ;44,1 <i<n-1,E(G)={e; /1 <i<n}
Casei:Letn=2, I*¢(P,) =1

Case ii: Let n = 3. {e;} and {e, } are strong independent edge dominating sets of P3.15¢(e;) =
I°¢(e;) = 1. Hence I5¢ (P;) =1

Caseiii: Letn=4

{e,} is the unique strong independent edge dominating set of P4. By the remark 2.2, 1°¢(P4) = 0.
Case iv: Whennisoddandn=> 5

Let Tr = {e;, es es, -+, enz} and T2 ={e, e, e, en_1}. T1 and T2 and the minimal
strong independent edge dominating sets of maximum cardinality containing ey,
e; es - ey_pand e, e, es - e,_, respectively. |T;| = nT_l and |T,| = "T_l 1%¢(e;) =

"~ forall e; € E(Pn).

-1

Therefore 1°¢ (P,) = —, whennisoddandn>5

Casev: Whenniseven,n> 6

Ti={ey €466, , €2} and To= {e;, e3es5,+,e,_1} are the minimal strong independent
edge dominating sets of maximum cardinality containing e, e4, €4, ', €,-, and

€1,€3,€s5,""",6n_1 respeCtiver- |T1| = nT_z and |T2| = g Ise(ei) = nT_Z’ i=24,-n-2and
I5¢(e;) ==, i =135, - n — L. Therefore I°°(Py) = min {"T_Z g} = "T_Z

-2 .
Hence I°¢ (B,) = nT whennisevenandn>6
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THEOREM 2.7:
Let G be a cycle Cn, n > 3. Then I%¢(G) = l"T‘l

Proof:

Let V(G) ={vy, vy, vy} Lete;=vv,_ forall1 <i<n-l,e,=v;v, 1 <i<n
Let E(G) ={eq,e5,€3,, en}

Case i: When n is odd.

Let T1= {es, e3,*,en—2} and T2 = {e,, e4,+,e,-1} are minimal strong independent edge
dominating sets of maximum cardinality containing e;, eses,-c,e,—, and
€5, €4, , en_1respectively.

|T,| = ”7_1 = |T,|. T3 ={es, es, e, -, e,} is the minimal strong independent edge dominating
set containing e,. |Ts| = "T_l Is¢(e;) = nT_l for all e; € E(Cn). Therefore I5¢(C,) =

n-1 n-1 n—1}_n—1
2

min{—, _, —
2 2 2
Caseii: Whenniseven,n>4

Let T1 = {ej, e, -, e,_1} and T2 = {e,, e, -+, e,} are minimal strong independent edge
dominating sets of maximum cardinality e;, e5, -, e,,_; and e,, ey, -+, e, respectively. |T;| =
2= |Tyl. 1% (e;) = = for all e; € E(Cn).

Therefore 15¢(C,,) = min {f f} =2

2’2 2

From case i and case ii, I°¢(G) = EJ n>3.

THEOREM 2.8:

Let G be astar Kin,n = 1. Then ¢ (G) = 1.

Proof:

LetV(G) ={vv;/1 <i <n}and E(G) = {ei/el- =vy; 1<i < n}

Ti = {e;}, 1 <i < n are minimal strong independent edge dominating sets of G containing
e; respectively. I°¢(e;) =1, 1<i <n.Hencel*¢(G) =1
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THEOREM 2.9:
Let G be a bistar Dr,s, r,s > 1. Then I°¢(G) =0
Proof: LetG =Dy s ,s=>1,r>sand let u and v be the central vertices of G.

Let uq, uy, -+, u, be the vertices adjacent with u and let v,, v,, -, vg be the vertices adjacent
with v respectively. Lete =uv, ¢; =uu;, 1< i<randfij=vv;, 1 <j<sand

E(G):{e, e, fi/1 <i <rand1 SjSS}.

dege=r+s,dege; =randdeg fj=s,1<i <rand1l<j<s. eistheunique maximum
degree edge. {e} is the unique strong independent edge dominating set of G.

Therefore I°¢(e) =1and I°¢(e;) =I°°(fj) =0,1<i<rand1<j<s.

Hence 1°¢(G) = min {0, 1} =0.

THEOREM 2.10:

n . .
2 if niseven

Let G be a complete graph Ky, n > 2. Then I°¢(G) =§,,_;
— if nisodd

Proof:
Let V(G) ={v;,1 < i < n}. There are nC; edges in K
Casei:

Let n be even. Each % independent edges form a maximum strong independent edge dominating
set of G. Each edge belongs to at least one of the strong independent edge dominating set.
Therefore 1°¢(e) = % for all e € E(G) where E(G) is the edge set of G. Hence I°¢ (G) = %

Case ii:

If nis odd, each "7_1 independent edges form a strong independent edge dominating set of G.

As in case (i) I°¢(e) = "T_l for all e € E(G). Hence I%¢ (G) = nT_l
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THEOREM 2.11:

o if nisodd,n =5
Let G be a wheel graph Wy, n > 3. Then I5¢ (G) = 2
2 if niseven,n >4

Proof:
Let V(G) ={v,vi/1<i<n} Lete; = v;v;,1,6n = v,v; and fi= vv;.
LetE(G) ={e;,f; /1<i<n}.degfi=n+ 1anddege; =4.

Let T be any strong independent edge dominating set of G. Since deg fi > deg e;, 1 < i < nand
the edges fi, fo,--- fn are mutually adjacent, any one fi must belong to T. The edges which are

adjacent to fi do not belong to T. The subgraph induced by the remaining edges is Pn-2.

Case i: When n is odd

There are n-3 edges in Pn.2where n-3 is even. There are n7_3 independent edges, since the degree

of the edges e; are same. These "7_3 edges together with f; form T. Hence |T| = "T_l No strong

independent edge dominating set with cardinality greater than "T_l exists. I°¢(e) = ”T_l for all

e € E (Wh). Hence I°¢(G) = "T_l

Case ii: When n is even

There are n-3 edges in P2 where n-3 is even n-3 is odd. There are ”T_Z independent edges, since
the degree of the edges e; are same. These "T_Z edges together with fi form T. Hence |T| = g No

strong independent edge dominating set with cardinality greater than g exists. I¢(e) = g for all

e € E(Wh). Hence I5¢(G) = =

=
THEOREM 2.12:
Let Pn be the path with n vertices. Let G = Pn O Ky wheren > 1, then I°¢(Pn © K1) = 0.

Proof:
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LetV (G) ={v,u; /1<i<n}and E(G)={vv;4y,v;u; /1<i<n-1,1<j<n}

Lete;=vvyq, L <i<n-l Let fi=vu;, 1 <j<n.dege,=dege, ;=2 ,dege;=3,2<i<n-
2. deg f1=deg f,=n. deg f;= 2,2 < j < n. Let S be any strong independent edge dominating
set of G.

Eithere1 € Sore;€S. Since S is independent. f, does not belong to S.
Hence f, does not belong to any strong independent edge dominating set of G.

Therefore 1°¢(f,) = 0. Hence I°¢(B, © Ky) =0.

THEOREM 2.13:

LetG=K;, O K;,n=1,then I°¢(G) = 0.

Proof:

LetV (G)={v,u,v;,u; /1 <i<n}and E(G) ={vu, vv;,v;u; /1 <i<n} deguv=n,

degvv; =n+landdegvu; =1, 1<i<n LetS={vy,vju; /1<i<nl<j<nj#i}
The above S;, 1 < i < n are strong independent edge dominating sets of G. |S;| = n. No other
strong independent edge dominating set exist without any vv;. Hence I5¢ (e) = n for all e €
E(G). Since the edge uv does not belong to any strong independent edge dominating set of G,
1°¢(uv) = 0. Therefore 1°¢(G) = 0.

OBSERVATION 2.14:

Let G = (V,E) be a simple graph. Let |E(G)| =n
15¢(G) =niff G = nKy, K,
I°¢(G) =n-1iff G = P3 U (n-2) K2

I1°¢(G) =1iff G = Kuyn.

3. CONCLUSION

In this paper Strong Independent Edge Saturation Number of some standard graph are
determined. Further Strong Independent Edge Saturation Number of path related graphs, cycle
related graphs and corona related graphs can be found.
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